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Abstract. In this survey we report on some recent results related to various singular phenomena 
arising in the study of some classes of nonlinear elliptic equations. We establish qualitative results on the 
existence, nonexistence or the uniqueness of solutions and we focus on the following types of problems: 
(i) blow-up boundary solutions of logistic equations; (ii) Lane-Emden-Fowler equations with singular non- 
linearities and subquadratic convection term. We study the combined effects of various terms involved in 
these problems: sublinear or superlinear nonlinearities, singular nonlinear terms, convection nonlinearities, 
as well as sign-changing potentials. We also take into account bifurcation nonlinear problems and we es- 
tablish the precise rate decay of the solution in some concrete situations. Our approach combines standard 
techniques based on the maximum principle with non-standard arguments, such as the Karamata regular 
variation theory. 

Mathematics Subject Classification (2000). Primary: 35-02. Secondary: 35A20, 35B32, 35B40, 
35B50, 35J60, 47J10, 58J55. 

Key words. Nonlinear elliptic equation, singularity, boundary blow-up, bifurcation, asymptotic anal- 
ysis, maximum principle, Karamata regular variation theory. 

1 Motivation and Previous Results 

Let ri be a bounded domain with smooth boundary in M^, N > 2. We are concerned in this 
paper with the following types of stationary singular problems: 
I. The logistic equation 

Au = ^{x,u,'Vu) in 17, 

' u>0 inn, (1-1) 

u = +00 on dQ. 
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II. The Lane-Emden-Fowler equation 



( 



Au = ^{x,u,Vu) in Q, 



< 



u>0 



in 



(1.2) 



u = 



on di}, 



where $ is a smooth nonlinear function, while ^ has one or more singularities. The solutions of 
are called large (or blow-up) solutions. 

In this work we focus on Problems and H1.2() and we establish several recent contributions 
in the study of these equations. In order to illustrate the link between these problems, consider 
the most natural case where $(ti, Vu) = u^, where p > 1. Then the function v = satisfies 
(dHJ for ^'(u, Vv) = v^-P - 2v~^ lVt;p. 

The study of large solutions has been initiated in 1916 by Bieberbach |12j for the particular 
case ^{x, u, Vn) = exp(ti) and N = 2. He showed that there exists a unique solution of (jl.lj) such 
that u{x) — log{d{x)~^) is bounded as x ^ dQ, where d{x) := dist (x, dO,). Problems of this type 
arise in Riemannian geometry: if a Riemannian metric of the form \ds\'^ = exp{2u{x))\dx\'^ has 
constant Gaussian curvature — then Au = <? exp(2ti). Motivated by a problem in mathematical 
physics, Rademacher |82| continued the study of Bieberbach on smooth bounded domains in 
R^. Lazer and McKenna 1^1] extended the results of Bieberbach and Rademacher for bounded 
domains in satisfying a uniform external sphere condition and for nonlinearities $(x, m, Vu) = 
6(x)exp(n), where h is continuous and strictly positive on $7. Let $(x,m, Vu) = /(u) where 
/ E Ci[0, oo), /'(s) > for s > 0, /(O) = and /(s) > for s > 0. In this case, Keller ^ and 
Osserman j79| proved that large solutions of (|1.H) exist if and only if 



In a celebrated paper, Loewner and Nirenberg [73] linked the uniqueness of the blow-up solution 
to the growth rate at the boundary. Motivated by certain geometric problems, they established 
the uniqueness for the case /(u) = n^^^^^/*^^"^-*, N > 2. Bandle and Marcus give results 
on asymptotic behaviour and uniqueness of the large solution for more general nonlinearities 
including /(u) = for any p > 1. We refer to Bandle Bandle and M. Essen [H], Bandle and 
Marcus [S], Du and Huang [lOj, Garcia-Melian, Letelier-Albornoz, and Sabina de Lis Lazer 
and McKenna [ZOI, Le GaU [H], Marcus and Veron jZHlIZSl, Ratto, Rigoh and Veron [HSj and the 
references therein for several results on large solutions extended to A^-dimensional domains and 
for other classes of nonlinearities. 

Singular problems like H1.2|) have been intensively studied in the last decades. Stationary 
problems involving singular nonlinearities, as well as the associated evolution equations, describe 
naturally several physical phenomena. At our best knowledge, the first study in this direction 
is due to Fulks and Maybee 0^, who proved existence and uniqueness results by using a fixed 
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point argument; moreover, they showed that solutions of the associated paraboUc problem tend 
to the unique solution of the corresponding elliptic equation. A different approach (see Coclite 
and Palimieri j34j . Crandall, Rabinowitz, and Tartar 35 , Stuart 88 ) consists in approximating 
the singular equation with a regular problem, where the standard techniques (e.g., monotonicity 
methods) can be applied and then passing to the limit to obtain the solution of the original 
equation. Nonlinear singular boundary value problems arise in the context of chemical hetero- 
geneous catalysts and chemical catalyst kinetics, in the theory of heat conduction in electrically 
conducting materials, singular minimal surfaces, as well as in the study of non-Newtonian fluids, 
boundary layer phenomena for viscous fluids (we refer for more details to Caffarelli, Hardt, and 
L. Simon 16 , Callegari and Nachman jl71 118j . Diaz [HHj, Diaz, Morel, and Oswald ^\ and the 
more recent papers by Haitao lEH], Hernandez, Mancebo, and Vega jSnHEO], Meadows [ZZI, Shi 
and Yao [861 \S7\ ). We also point out that, due to the meaning of the unknowns (concentrations, 
populations, etc.), only the positive solutions are relevant in most cases. For instance, problems 
of this type characterize some reaction-diffusion processes where « > is viewed as the density of 
a reactant and the region where u = is called the dead core, where no reaction takes place (see 
Aris j4j for the study of a single, irreversible steady-state reaction). Nonlinear singular elliptic 
equations are also encountered in glacial advance, in transport of coal slurries down conveyor 
belts and in several other geophysical and industrial contents (see Callegari and Nachman JH] 
for the case of the incompressible flow of a uniform stream past a semi-infinite flat plate at zero 
incidence) . 

In Crandall, Rabinowitz and Tartar established that the boundary value problem 

—Au — u~" = —u in 

< u > in 

u = on dVt 

v 

has a solution, for any a > 0. The importance of the linear and nonlinear terms is crucial for the 
existence of solutions. For instance, Coclite and Palmieri studied in jHl] the problem 

-Au - = XuP in 0, 

< M > in 0, (1-3) 
n = on 

where A > and a,p € (0, 1). In 34^ it is proved that problem (jl.3j) has at least one solution for 
all A > and < p < 1. Moreover, if p > 1, then there exists A* such that problem H1.3|) has a 
solution for A € [0, A*) and no solution for A > A*. In it is also proved a related non-existence 
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result. More exactly, the problem 

—An + n~" = u in ri, 

< u > in fi, 

u = on 9il 

has no solution, provided that < a < 1 and Ai > 1 (that is, if 17 is "small"), where Ai denotes 
the first eigenvalue of (—A) in 11^(^1). 

Problems related to multiplicity and uniqueness become difficult even in simple cases. Shi 
and Yao studied in jHS] the existence of radial symmetric solutions of the problem 

An + AK-n-") = in Si, 
< n > in 

n = on dB\^ 

where a > 0, < p < 1, A > 0, and B\ is the unit ball in M^. Using a bifurcation theorem of 
Crandall and Rabinowitz, it has been shown in [HH] that there exists Ai > Aq > such that the 
above problem has no solutions for A < Aq, exactly one solution for A = Aq or A > Ai, and two 
solutions for Aq < A < Ai. 

The author's interest for the study of singular problems is motivated by several stimulating 
discussions with Professor Haim Brezis in Spring 2001. I would like to use this opportunity to 
thank once again Professor Brezis for his constant scientific support during the years. 

This work is organized as follows. Sections 2-5 are mainly devoted to the study of blow-up 
boundary solutions of logistic type equations with absorption. In the second part of this work 
(Sections 6-8), in connection with the previous results, we are concerned with the study of the 
Dirichlet boundary value problem for the singular Lane-Emden-Fowler equation. Our framework 
includes the presence of a convection term. 



2 Large solutions of elliptic equations with absorption and sub- 
quadratic convection term 

Consider the problem 

/■ 

An + (/(x)|Vu|'^ = p(x) f (ti) in n , 

(2.4) 

u > 0, n ^ in $7 , 

where C (TV > 3) is a smooth domain (bounded or possibly unbounded) with compact 
(possibly empty) boundary. We assume that a < 2 is a positive real number, p, q are non- 
negative function such that p ^ 0, p,q G C^'°^{^) if Q is bounded, and p,q G C|^'"(J7), otherwise. 
Throughout this section we assume that the nonlinearity / fulfills the following conditions 
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(/I) / G Ci[0,oo), /' > 0, /(O) = and / > on (0,oo). 

oo t 

if 2) j [F{t)]-^l^ dt <oo, where F{t) = j f{s) ds. 

1 

Fit) 

if^) . ^ as t ^ oo. 

Cf. Veron / is called an absorption term. The above conditions hold provided that 
f{t) = t'^, /c> 1 and < a < :^{< 2), or f{t) = e* - 1, or f{t) = e* - t and a < 2. We observe 
that by (/I) and (/3) it follows that f/F"/"^ > /? > for t large enough, that is, (F^-^/^)' > /? > 
for t large enough which yields < a < 2. We also deduce that conditions (/2) and (/3) imply 

< oo. 

We are mainly interested in finding properties of large (explosive) solutions of (|2.4|1 . that is 
solutions u satisfying u{x) ^ oo as dist(x,9r2) ^ (if $7 ^ M^), or u(x) — > oo as |x| — > oo (if 
n = R^). In the latter case the solution is called an entire large (explosive) solution. 

Problems of this type appear in stochastic control theory and have been first study by Lasry 
and Lions jHZl- The corresponding parabolic equation was considered in Quittner |81j and in 
Galaktionov and Vazquez [121 • In terms of the dynamic programming approach, an explosive 
solution of (|2.4() corresponds to a value function (or Bellman function) associated to an infinite 
exit cost (see Lasry and Lions [67j). 

Bandle and Giarrusso [7] studied the existence of a large solution of problem ()2.4I) in the case 
p = 1, g = 1 and O bounded. Lair and Wood studied the sublinear case corresponding to 
p = 1, while Cirstea and Radulescu [211 proved the existence of large solutions to (|2.4|) in the 
case q = 0. 

As observed by Bandle and Giarrusso ^7^, the simplest case is a = 2, which can be reduced to 
a problem without gradient term. Indeed, if u is a solution of ()2.4() for q = 1, then the function 
u = (Gelfand transformation) satisfies 

Av = p{x)vf (in v) in O , 
v{x) +00 if dist (x, dQ) 0. 

We shall therefore mainly consider the case where < a < 2. 

The main results in this Section are due to Ghergu, Niculescu, and Radulescu [35]. These 
results generalize those obtained by Cirstea and Radulescu [23 iii the case of the presence of a 
convection (gradient) term. 

Our first result concerns the existence of a large solution to problem (|2.4() when J7 is bounded. 

Theorem 2.1. Suppose that 0, is bounded and assume that p satisfies 

(pi) for every G with p{xo) = 0, there exists a domain 3 xq such that C and p > 
on O^Iq. 
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Then problem \2.4\) has a positive large solution. 

A crucial role in the proof of the above result is played by the following auxiliary result (see 
Ghergu, Niculescu, and Radulescu |l5]). 

Lemma 2.2. LetVL he a hounded domain. Assume thatp,q G C'^'"(r2) are non-negative functions, 
< a < 2 is a real number, f satisfies (/I) and g : 9$7 (0, oo) is continuous. Then the boundary 
value problem 

Au + q{x)\'Vu\"' = p{x)f{u), in n 
' u = g, on dCl (2-5) 

u > 0, u ^ 0, in n 

has a classical solution. If p is positive, then the solution is unique. 

Sketch of the proof of Theorem \2.1\ By Lemma 12.21 the boundary value problem 

Avn + g(x)|Vz;„r = {p{x) + ^ fivn), m n 

' Vn = n, on d^l 

Vn > 0, 0, in Q. 

has a unique positive solution, for any n > 1. Next, by the maximum principle, the sequence {vn) 
is non-decreasing and is bounded from below in O by a positive function. 
To conclude the proof, it is sufficient to show that 

(a) for all xq G there exists an open set O CC ri which contains xq and Mq = Mo(xo) > 
such that Vn < Mq in O for all n > 1 

(6) \mix^dQ.v{x) = oo, where v{x) = lim„^oo (x) . 

We observe that the statement (a) shows that the sequence is uniformly bounded on 
every compact subset of VL. Standard elliptic regularity arguments (see Gilbarg and Trudinger 
j55j ) show that t; is a solution of problem (|2.4j) . Then, by (b), it follows that w is a large solution 
of problem (|2.4|) . 

To prove (a) we distinguish two cases : 
Case p(xo) > 0. By the continuity of p, there exists a ball B = B{xQ,r) CC VL such that 

mo := min{p(x); x G B} > 0. 

Let w be a positive solution of the problem 

Aw + q{x)\Vw\'' = mof{w), 

< 

w{x) — > oo, 



in B 

as X — > dB. 
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The existence of w follows by considering the problem 

Awn + q{x)\Vwn\"' = mof{Wn), 



Wr. 



n, 



The maximum principle implies Wn < Wn+i ^ where 

IkllL-lV^r = mo/(0), 



e{x) 



oo, 



in B 
on dB. 

in B 

as X — > dB. 



Standard arguments show that t>„ < w in B. Furthermore, w is bounded in B{xo,r/2). 

Setting Mo = sup w, where O = B{xo,r /2), we obtain (a). 
o 

Case p{xq) = 0. Our hypothesis {pi) and the boundedness of 17 imply the existence of a domain 
O CC 0, which contains xq such that p > on dO. The above case shows that for any x € dO 
there exist a ball B{x,rx) strictly contained in and a constant Mx > such that f„ < Mx on 
B{x,rx/2), for any n > 1. Since 90 is compact, it follows that it may be covered by a finite 
number of such balls, say B{xi,rxj2), i = 1, • • • ,kQ. Setting Mq = maxjM^:^,--- ,M^j.^} we 
have Vn < Mq on dO, for any n > 1. Applying the maximum principle we obtain Vn < Mq in O 
and (a) follows. 

Let z be the unique function satisfying —Az = p{x) in Q and z = 0, on dVt. Moreover, by the 
maximum principle, we have z > in 17. We first observe that for proving (6) it is sufficient to 
show that 



v(x) 



dt 

m 



< z{x) for any x E 0. 



(2.6) 



By |241 Lemma 1], the left hand-side of ()2.6() is well defined in Q. We choose i? > so that 
n C -6(0, R) and fix e > 0. Since f „ = n on dil., let ni = ni(e) be such that 

1 



ni > 



eiN - 3)(1 + i?2)-l/2 + 3^(1 + i?2)-5/2 ' 



and 



dt 

m 



< z{x) + e(l + \x 



2N-1/2 



V X € do. , V n > ni . 



(2.7) 



(2.^ 



In order to prove (|2.6|1 . it is enough to show that 



dt 
W) 



< z{x) + e{l + \x 



^2^-l/2 



V X G 11 , Vn > ni . 



(2.9) 
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Indeed, taking n — > oo in (|2.9|) we deduce (|2.6j) . since e > is arbitrarily chosen. Assume now, 
by contradiction, that (|2.9|) fails. Then 



max < 



z{x)-e{l + \x\^)-'/^\ >0. 



fit) 

Vn{x) 

Using ()2.8|) we see that the point where the maximum is achieved must lie in Q. A straightforward 
computation shows that at this point, say xq, we have 

/ oo \ 

/dt 
- z[x) - e[l + \x\ 



> A 



\unix) j 



> 0. 

\x=xo 



This contradiction shows that inequality (|2.8j) holds and the proof of Theorem 1 is complete. □ 
Similar arguments based on the maximum principle and the approximation of large balls 
-6(0, n) imply the following existence result. 

Theorem 2.3. Assume that = and that problem \2.4^ has at least one solution. Suppose 
that p satisfies the condition 

{piy There exists a sequence of smooth hounded domains {^n)n>i such that Q.n C ^n+i, = 
\J'^^]Qn, o-'^d [pi) holds in for any n > 1. 

Then there exists a classical solution U of \2.4\j which is a maximal solution if p is positive. 

Assume that p verifies the additional condition 

oo 

(p2) j r^{r)dr < oo , where $(r) = max{p(x) : |x| = r}. 


Then U is an entire large solution of \2.-i\j . 



We now consider the case in which ^ W and 17 is unbounded. We say that a large solution 
u of (|2.4|) is regular if u tends to zero at infinity. In |74| Theorem 3.1] Marcus proved for this case 
(and if (; = 0) the existence of regular large solutions to problem 1)2. 4|) by assuming that there 
exist 7 > 1 and /3 > such that 

Wm.'m.i f {t)t~^ > and liminf p(a;)|2;[^ > 0. 

The large solution constructed in Marcus [3] is the smallest large solution of problem (|2.4)) . In 
the next result we show that problem (|2.4() admits a maximal classical solution U and that U 
blows-up at infinity if 17 = \ B{0,R). 



Theorem 2.4. Suppose that Q ^ is unbounded and that problem i2.4\ ) has at least a solution. 
Assume that p satisfies condition (pi)' in Q. Then there exists a classical solution U of problem 
\2.4\l which is maximal solution if p is positive. 

If ft = \ B{0, R) and p satisfies the additional condition {p2), with $(r) = for r € [0,R], 
then the solution U of \2.4\j is a large solution that blows-up at infinity. 
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We refer to Ghergu, Niculescu and Radulescu 0^1 for complete proofs of Theorems 12.31 and 



1231 

A useful observation is given in the following 

Remark 1. Assume that p G C(M^) is a non-negative and non-trivial function which satisfies 
(p2). Let f be a function satisfying assumption (/I). Then condition 



dt 
W) 



< oo 



(2.10) 



is necessary for the existence of entire large solutions to \2.4\) . 

Indeed, let u be an entire large solution of problem (|2.4|1 . Define 



u[r] 



N-1 



\x\=r yao 



dt 
W) 



dS 



1 



51=1 \ "0 



dt 
lit) 



dS, 



where ujn denotes the surface area of the unit sphere in and oq is chosen such that qq G (0, uq), 
where uq = infjgjv n > 0. By the divergence theorem we have 



u{r) 



1 



uj^r 



N-l 



A 



dt 
W) 



dx. 



B{0,r) \( 

Since n is a positive classical solution it follows that 

\u'{r)\ <Cr ^0 as r ^ 0. 

On the other hand 



R 



UJN (ii^'^n'(ii) - r^-W{r)) 
Dividing hy R — r and taking i? — > r we find 

uJN{r^'^u'{r)Y 



( 



\\A 



dt 

W) 



dS dz. 



A 



\x\=r \ 



dt 



fit) 



dS 



|x|=r 



|a;|=r 



i) {u{x))-\Vuix)\^ + —^Au{x) 
J J fiuix)) 



dS 



< 



\x\=r 



p {x)f{u{x)) 
fiuix)) 



dS < uJNr'^'^Hr) 
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The above inequality yields by integration 

n(r)<u(0) + j a^-^ T^-^^T)dT^ da Vr > 0. 
On the other hand, according to {p2), for all r > we have 

(J \ r r 

I r^-i4>(r)dr da = ^r'-^ J r^-^^r)dT-j^ J a^a) da 



(2.11) 



l-N 



< 



1 



N-2 



r$(r) dr < oo. 



So, by (|2.11j) . ■u(r) < u{0) + K, for all r > 0. The last inequality implies that u is bounded and 
assuming that H2.1U() is not fulfilled it follows that u cannot be a large solution. □ 
We point out that the hypothesis (p2) on p is essential in the statement of Remark^ Indeed, 
let us consider f{t) = t, p = I, a e (0,1), q{x) = 2°-2 • a = 2 - a € (1,2). Then the 
corresponding problem has the entire large solution u{x) = |xp + 2N, but (|2.10j) is not fulfilled. 

3 Singular solutions with lack of the Keller- Osserman condition 

We have already seen that if / is smooth and increasing on [0, oo) such that /(O) = and / > 
in (0, oo), then the problem 

Au = f{u) in O, 
u> Q in Q, 



u 



+ 00 



on do. 



has a solution if and only if the Keller-Osserman condition j"^ [F{t)]^^^'^ dt < oo is fulfilled, 
where F{t) = fQf{s)ds. In particular, this implies that / must have a superlinear growth. In 
this section we are concerned with the problem 



Au + \\7u\ = p{x)f{u) in Jl, 
u > in J7, 



(3.12) 



where Q, C {N > 3) is either a smooth bounded domain or the whole space. Our main 
assumptions on / is that it has a sublinear growth, so we cannot expect that Problem (|3.12j) 
admits a blow-up boundary solution. Our main purpose in this section is to establish a necessary 
and sufficient condition on the variable potential p{x) for the existence of an entire large solution. 

Throughout this section we assume that p is a non- negative function such that p G C^'°'{Q) (0 < 
a < 1) if r2 is bounded, and p E (^^^'"(M^), otherwise. The non-decreasing non-linearity 
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/ G fulfills /(O) = and / > on (0,oo). We also assume that / is sublinear at 

infinity, in the sense that A := sup3>]^ < oo. 

The main results in this section have been established by Ghergu and Radulescu jSlj . 

If Q is bounded we prove the following non-existence result. 

Theorem 3.1. Suppose that Q C is a smooth bounded domain. Then problem VJ.li^) has no 

positive large solution in Q. 

Proof. Suppose by contradiction that problem H3.12|) has a positive large solution u and define 
v{x) = ln(l + X G 0. It follows that v is positive and v{x) — > oo as dist (x, dO.) 0. We 

have 

1 

I\v = - 
1 

and so 



l + u (l + n)2' ' 



< p{x)p^ < \\p lloo/^ <A in 
l+u l+u 

for some constant A > 0. Therefore 

A{v{x) - A\x\'^) < 0, for all x e Q. 

Let w{x) = v{x) — X G ri. Then Aw < in Q. Moreover, since is bounded, it follows 

that w{x) ^ oo as dist(x,Oil) 0. 

Let M > be arbitrary. We claim that w > M in i}. For all 6 > 0, we set 

= {x G ; dist(x,3il) > S}. 

Since w{x) — oo as dist(x, dQ) 0, we can choose 5 > such that 

w{x) >M for all X G \ Us. (3.13) 

On the other hand, 

-A(w(x) - M) > in Qs, 

w{x) - M > on dns. 

By the maximum principle we get w{x) — M > in 0,^- So, by 1)3. 13() . w > M in 0,. Since M > 
is arbitrary, it follows that w > n in 0,, for all n > 1. Obviously, this is a contradiction and the 
proof is now complete. □ 



Next, we consider the problem (|3.12|) when Q = M^. For all r > we set 

(p{r) = maxp(x), 'tp{r) = minp(x), and h{r) = (j){r) — ip{r) 

\x\=r \x\=r 

We suppose that 

(X 

rh{r)^{r)dr < oo, (3-14) 
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where 

/ r \ 

A 



$(r) = exp Aat / sip{s)ds , A 



N 



N -2 



Obviously, if p is radial then h = and H3.14() occurs. Assumption ()3.14|) shows that the variable 

potential p{x) has a slow variation. An example of non-radial potential for which (|3.14)) holds is 
1 _)_ Ij;^ |2 r'^ + 1 1 

p(x) = -. ; — 7:^77 ; — ttt . In this case 6{r\ = -7; and ibir') = . If Aaj = 1, 

' (1 + |xi|2)(l + |a;|2) + 1 ' (r2 + 1)2 + 1 ' ^2 

by direct computation we get rh{r)'^{r) = O {r^"^) as r — > 00 and so ()3.14|) holds. 

Theorem 3.2. Assume Q = andp satisfies \&.14i l- Then problem has a positive entire 

large solution if and only if 

00 t 

e-H^~^ J e's^-^i>{s)dsdt = 00. (3.15) 

1 

Proof. Several times in the proof of Theorem 13.21 we shall apply the following elementary 
inequality: 

r t r 

J e-H^-^ j e's^-^g{s)dsdt < J tg{t)dt, V r > 0, (3.16) 

00 
for any continuous function g : [0, 00) — > [0, 00). The proof follows easily by integration by parts. 
Necessary condition. Suppose that (|3.14|1 fails and the equation (|3.12|) has a positive entire 
large solution u. We claim that 

00 t 

~t,l-N / „sN-l, 



e~H'-'' J e's''-'(l){s)dsdt < 00. (3.17) 


We first recall that = h + ip. Thus 

CO t 00 t 

j e-H^-^ J e's^-^(t){s)dsdt = J e-H^-^ J e's^-^iP{s)dsdt 

10 10 

00 t 

+ J e-H^-^ J e's^-^h{s)dsdt. 

1 

By virtue of (|3.16j) we find 

00 t 00 t 00 



10 

00 t 00 

< / e-H^-^ I e's^-^^{s)dsdt + I th{t)^{t)dt. 
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Since j e"*t^"^ j e''s^~'^'tp{s)dsdt < oo, by (|3T^ we deduce that (|TT71) follows. 

1 _ 

Now, let u be the spherical average of u, i.e., 



u{r) = I u{x)dar,, r > 0, 



uJNr' 

\x\=r 



where wat is the surface area of the unit sphere in M.^ . Since is a positive entire large solution of 
H2.4() it follows that u is positive and u{r) ^ oo as r — > oo. With the change of variable x — > ry, 
we have 

u{r) = / u{ry)day, r>0 

\y\=^ 



and 



Hence 



that is 



Li'(r) = / Vu{ry) ■ yduy, r > 0. 

J 



(3.18) 



l?/l=i 



1 f du 1 f du 

ojn j or " Lo^r^ ^ J or 



u(r) = vT—r [ Au(x) dx, for all r > 0. 



(3.19) 



B{0,R) 



Due to the gradient term |Vm| in (|2.4|) . we cannot infer that An > in and so we cannot 
expect that u' > in [0, oo). We define the auxiliary function 

U{r) = max u{t), r > 0. (3.20) 

0<t<r 

Then U is positive and non-decreasing. Moreover, U > u and U{r) — s- oo as r ^ oo. 

The assumptions (/I) and (/2) yield f{t) < A(l + t), for all t > 0. So, by (l3T8j) and (ITT9|l . 

_/A^ — l_/_ If If 

u" -\ u+u' < / [Au{x) + \Vu\{x)]dax = ^^T / Pir)f{u{x))dax 

r ujNf J iONr J 



< A0(r) [ {l + uix))da^= A(j){r) {1 + u{r)) < A(j){r) {I + U (r)) 

\x\=r 

for all r > 0. It follows that 

{r^-^e''u')' < AeV^-V(^) (1 + U{r)) , for all r > 0. 
So, for all r > ro > , 

u{r) <n(ro)+A Te-V"^ [\' s^-^()){s){l + U{s))dsdt. 
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The monotonicity of U implies 

u{r) < n(ro) + A(l + U{r)) f e'H^-^ f e's^-^(j){s)dsdt, (3.21) 

Jrn Jo 



h-Q JO 

for all r > ro > 0. By H3.17() we can choose rg > 1 such that 

f oo rt 



^-t^i-N I e's^-^ct){s)dsdt < ^. (3.22) 



Thus (Trmi and (jT^ yield 



u{r) < n(ro) + ^(1 + U{r)), for all r > tq. (3.23) 



By the definition of U and lim u{r) = oo, we find ri > tq such that 



U{r) = max u{r), for all r > ri. (3.24) 

ro<t<r 

Considering now (|3.23|) and (|3.24j) we obtain 

U{r) < n(ro) + ^(1 + U{r)), for all r > n. 

Hence 

U{r) < 2u{ro) + 1, for all r > ri. 

This means that U is bounded, so u is also bounded, a contradiction. It follows that ()2.4() has 
no positive entire large solutions. 

Sufficient condition. We need the following auxiliary comparison result. 

Lemma 3.3. Assume that icl.l4\ ) o-nd \'j.l5\) hold. Then the equations 

Au + |Vi;[ = 0(|x|)/(t;) Au- + | Vu;| = V(|xj)/(w) (3.25) 

have positive entire large solution such that 

V <w in R^. (3.26) 

Proof. Radial solutions of 1)3. 25(1 satisfy 

— 1 

v" + v' +\v'\ = (l)ir)f{v) 

r 

^^^'^ N 1 

w" H w' + \w'\ = ip(r)f(w). 

r 

Assuming that v' and w' are non-negative, we deduce 

{eW^~\')' = eW^~^^{r)f{v) 
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and 

Thus any positive solutions v and w of the integral equations 

r t 



v{r) = 1 + y" e^H^-^ j e's^-^(t){s)f{v{s))dsdt, r > 0, (3.27) 





t 



w{r) =b + j e'H^-^ j e's^-^ilj{s)f{w{s))dsdt, r > 0, (3.28) 



provide a solution of 1)3. 25() . for any 6 > 0. Since w > 5, it follows that f{w) > f{b) > which 
yields 

r t 

w{r) > b + fib) J e-H^-^ J e's^'^i;{s)dsdt, r > 0. 



By (|3.15j) . the right hand side of this inequality goes to +oo as r — > oo. Thus w{r) ^ oo as 
r — > oo. With a similar argument we find v{r) ^ oo as r ^ oo. 

Let 6 > 1 be fixed. We first show that (|3.28j) has a positive solution. Similarly, (|3.27j) has a 
positive solution. 

Let {wk} be the sequence defined hy wi = b and 

r t 

Wk+iir) = b + J e'H^-^ J e's^-^ij{s)f{wkis))dsdt, k>l. (3.29) 



We remark that {wk} is a non-decreasing sequence. To get the convergence of {wk} we will 
show that {wk} is bounded from above on bounded subsets. To this aim, we fix i? > and we 
prove that 

Wkir) < be^'', for any < r < i?, and for all k > 1, (3.30) 

where M = Ajv max tihit). 

f g[0,-R] 

We achieve (|3.3()j) by induction. We first notice that (|3.3())) is true for k = \. Furthermore, 
the assumption (/2) and the fact that > ^ lead us to f{wk) < ^w^, for all k > 1. So, by 

r t 

Wk+iir) <b + k j e'H^-^ J e's^-^'ilj{s)wkis)dsdt, r > 0. 



Using now (|3.16|) (for g{t) = tp{t)wk{t)) we deduce 

r 

Wk+iir) <b + AN [ til^it)wk{t)dt, Vr G [0,R]. 
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The induction hypothesis yields 

r 

Wk+i{r) <b + bM J e^^^dt = be^\ V r G [0, i?]. 



Hence, by induction, the sequence {wk} is bounded in [0, ii], for any i? > 0. It fohows that 
w{r) = hm Wk{r) is a positive solution of (jSI2HI)- In a similar way we conclude that (111 2 7)1 has 
a positive solution on [0,oo). 

The next step is to show that the constant b may be chosen sufficiently large so that (|3.26j) 
holds. More exactly, if 

oo 

6>l + i^AAr J sh{s)^{s)ds, (3.31) 



/ oo \ 

where K = exp ( A^v / th{t)dt | , then (|3.26|) occurs. 
We first prove that the solution v of (|3.27|) satisfies 

v{r)<K'^{r), Vr>0. (3.32) 

Since v > 1, from (/2) we have f{v) < Av. We use this fact in (|3.27j) and then we apply the 
estimate (|3.1H|) for g = (j). It follows that 







v{r) <1 + An I s(l){s)v{s)ds, V r > 0. (3.33) 
By Gronwall's inequality we obtain 

v{r) < exp I Aat / s(t>{s)ds I , V r > 0, 







and, by (|3.33|) . 

r 

v{r) < 1 + Aat j s(j){s) exp I Aat j t(t){t)dt \ds, V r > 0. 



Hence 



that is 



v{r) - ^ + / {^^^ iy^ / j j <^s, V r > 0, 

v{r) < exp I An j t(j){t)dt J , V r > 0. (3.34) 
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Inserting (p = h + ip m (|3.34j) we have 

r 

Ajv / th{t)dt 

v{r) < e ^(r) < K'^{r), V r > 0, 

so (lOa follows. 

Since 6 > 1 it follows that v{0) < w{0). Then there exists R > such that v{r) < w{r), for 
any < r < i?. Set 

Roo = sup{ R>0\v{r) <w{r), VrG[0,/?]}. 

In order to conclude our proof, it remains to show that R^o = oo. Suppose the contrary. Since 
V < w on [0, Roo] and (p = h + ip, from (|3.27jl we deduce 

Roo t Roc t 

v{Roo) = l+ J e-H^-^ J e's^-^h{s)f{v{s))dsdt+ J e"H'^'^ j e's^-^^{s)f{v{s))dsdt. 



So, by (jTTHl) . 

Roc Roc i 

<Roo)<l + j;^ J th{t)f{v{t))dt+ J e'H^-'' J e's''-'i;{s)f{w{s))dsdt. 



Taking into account that v > 1 and the assumption (/2), it follows that 

Roo R'OO t 

v{Roo) <1 + KAn j th{t)^it)dt+ j e-H^-^ j e's^-^^{s)f{w{s))dsdt. 



Now, using p. 31(1 we obtain 

Roc t 

v{Roo)<b+ j e'H^-^ j e's^-^^{s)f{w{s))dsdt = w{Roo)■ 
o 

Hence v{Roo) < w{Roo). Therefore, there exists R > Roo such that v < w on [0,R], which 
contradicts the maximality of Roo- This contradiction shows that inequality (|3.26|1 holds and 
the proof of Lemma 12.21 is now complete. □ 

Proof of Theorem completed. Suppose that p.lSp holds. For all /c > 1 we consider the 
problem 

Auk + \Vuk\ = p{x)f{uk) in B{0,k), 

Uk{x) = w{k) on dB{0,k). (3.35) 



Then v and w defined by (|3.27j) and (|3.28jl are positive sub and super-solutions of (|3.35j) . So this 
problem has at least a positive solution Uk and 

v{\x\) < Uk{x) < w{\x\) in B{0, k), for all k > 1. 



17 



By Theorem 14.3 in Gilbarg and Trudinger the sequence {Vu^} is bounded on every compact 
set in M^. Hence the sequence {uk} is bounded and equicontinuous on compact subsets of M.^ . 
So, by the Arzela-Ascoh Theorem, the sequence {u^} has a uniform convergent subsequence, {uj,} 
on the baU -6(0, 1). Let = hmfc^oo'U^. Then {/(u^)} converges uniformly to f{u^) on -6(0, 1) 
and, by (|3.35|) . the sequence {An]. + |Vn^|} converges uniformly to pf{v}). Since the sum of the 
Laplace and Gradient operators is a closed operator, we deduce that satisfies (|2.4|) on -6(0, 1). 

Now, the sequence {u\} is bounded and equicontinuous on the ball .6(0, 2), so it has a conver- 
gent subsequence {u\}. Let = lim uj, on -6(0,2) and v? satisfies ()2.4() on -6(0,2). Proceeding 

fc— >oo 

in the same way, we construct a sequence {u""} so that vT' satisfies (|2.4|) on -6(0, n) and n"^^ = ti" 
on -6(0, n) for all n. Moreover, the sequence {u"} converges in LJ^^(]R^) to the function u defined 
by 

u{x) = u^{x), for X e -6(0, m). 

Since v < u"" < w on B{0, n) it follows that v < u < w on M^, and u satisfies 1)2. 4|) . From v < u 
we deduce that n is a positive entire large solution of p.4|l . This completes the proof. □ 

4 Blow-up boundary solutions of the logistic equation 

Consider the semilinear elliptic equation 

Au + au = b{x)f{u) in 0, (4.36) 

where is a smooth bounded domain in M^, > 3. Let a be a real parameter and h G C^'^{Vl)^ 
< /X < 1, such that 6 > and 6 ^ in O. Set 

r^o = int {x G : h{x) = 0} 

and suppose, throughout, that f^o C and 6 > on 17 \ ilo- Assume that / € C^[0, oo) satisfies 

(^i) / ^ and f{u)/u is increasing on (0, oo). 

Following Alama and Tarantello |2j , define by -ffoo the Dirichlet Laplacian on fig as the unique 
self-adjoint operator associated to the quadratic form ip{u) = |Vnp(ix with form domain 

H}){Qo) = {ue H^{n) : u{x) = for a.e. xen\ Qq}. 

If dilo satisfies the exterior cone condition then, according to UJ, -^^^(Oo) coincides with Hq{Qq) 

and -ffoo is the classical Laplace operator with Dirichlet condition on 51^0 • 

Let Aoo,i be the first Dirichlet eigenvalue of Hoo in Qq. We understand Aoo,i = cxo if ilo = 0- 
Set Ho := limu\o^, /^oo := hm„^oo^, and denote by Xi{iJ,o) (resp., Ai(/Xoo)) the first 

eigenvalue of the operator iJ^^ = —A + fiob (resp., H^^^ = —A + ^oo&) in Recall that 

Ai(+oo) = Aoo,i. 
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Alama and Tarantello [2] proved that problem (|4.36)) subject to the Dirichlet boundary con- 
dition 

u = ondn (4.37) 

has a positive solution Ua if and only if a G (Ai(^o)) Ai(^oo))- Moreover, Ua is the unique positive 
solution for ()4.36|) -l- (|4.37() (see Theorem A (bis)]). We shall refer to the combination of 
(|0H|) + (|07|1 as problem (K)- 

Our first aim in this section is to give a corresponding necessary and sufficient condition, but 
for the existence of large (or explosive) solutions of (|4.86j) . An elementary argument based on 
the maximum principle shows that if such a solution exists, then it is positive even if / satisfies 
a weaker condition than (^i), namely 

(AiY /(O) = 0, /' > and / > on (0, oo). 

We recall that Keller |63j and Osserman [7S] supplied a necessary and sufficient condition on 

/ for the existence of large solutions to (1) when a = 0, 5 = 1 and / is assumed to fulfill (^i)'- 

More precisely, / must satisfy the Keller-Osserman condition (see |631 \7^ ). 

r°° dt /■* 
{A2) / -y== < 00 , where F{t) = / /(s) ds. 
Ji y J" it) Jo 

Typical examples of non-linearities satisfying (Ai) and {A2) are: 

(i) fiu) = e^-l- (ii) /(n) = nP, p > 1; (iii) f{u) = u[\n (n + l)]^ p>2. 

Our first result gives the maximal interval for the parameter a that ensures the existence of 
large solutions to problem ()4.36|) . More precisely, we prove 

Theorem 4.1. Assume that f satisfies conditions (Ai) and {A2). Then problem ^^^^ has a 
large solution if and only if a & (—00, Aoo,i)- 

We point out that our framework in the above result includes the case when b vanishes at 
some points on di}, or even if 6 = on dfl. This later case includes the "competition" • 00 on 
dQ. We also point out that, under our hypotheses, fioo '■= hm^^oo f{u)/u = liniu^oo /'("") = 00. 
Indeed, by I'Hospital's rule, Imiu^oo F {u) / = /ioo/2. But, by (^2), we deduce that fioo = 00. 
Then, by (Ai) we find that f'{u) > f{u)/u for any n > 0, which shows that limu^oo f'{u) = 00. 

Before giving the proof of Theorem 14.11 we claim that assuming (vli), then problem H4.36() 
can have large solutions only if / satisfies the Keller-Osserman condition {A2). Indeed, suppose 
that problem 1)4. 36() has a large solution Uoo- Set f[u) = \a\u + \\b\\^f{u) for n > 0. Notice that 
/ G C^[0,oo) satisfies {Ai)' . For any n > 1, consider the problem 

An = f[u) in $7 , 
* u = n on dil. , 

n > in J7 . 
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A standard argument based on the maximum principle shows that this problem has a unique 
solution, say u„, which, moreover, is positive in fi. Applying again the maximum principle we 
deduce that < n„ < u^+i < Uoo, in Q, for all n > 1. Thus, for every x G $7, we can define 
u{x) = linin-too Un{x) . Moreover, since (n„) is uniformly bounded on every compact subset of 
0, standard elliptic regularity arguments show that u is a positive large solution of the problem 
Au = f{u). It follows that / satisfies the Keller-Osserman condition (^2)- Then, by (^i), 
/^oo liif-u^oo f {u) / u > which yields lim^_»oo f{u)/f{u) = |a|/Aioo + ll^lloo < 00. Consequently, 
our claim follows. 

Proof of Theorem A. Necessary condition. Let Uoo be a large solution of problem 
(|4.36() . Then, by the maximum principle, Uoo is positive. Suppose Aoo,i is finite. Arguing by 
contradiction, let us assume a > Aoo,i- Set A € (Ai(/Uo), Aoo,i) and denote by ux the unique 
positive solution of problem (Ea) with a = A. We have 

A{Muoo) + Aoo,i(Muoo) < b{x)f{Muoc) in Q , 
' Muoo = 00 on , 

Muoo > Ux in Q , 

where M := maxjmaxjy ux/ minn Uoo] l}- By the sub-super solution method we conclude that 
problem (Ea) with a = Xoo,i has at least a positive solution (between ux and Muoo)- But this is 
a contradiction. So, necessarily, a G (— oo,Aoo,i)- 

B. Sufficient condition. This will be proved with the aid of several results. 

Lemma 4.2. Let lo be a smooth bounded domain in M^. Assume p, q, r are C^'^ -functions on 
uj such that r > and p > inuJ. Then for any non-negative function ^ $ G C^'^{duj) the 
boundary value problem 

Au + q{x)u = p{x)f{u) — r{x) 
n > 

M = $ 

V 

has a unique solution. 

We refer to Cirstea and Radulescu |27l Lemma 3.1] for the proof of the above result. 
Under the assumptions of Lemma 14.21 we obtain the following result which generalizes |751 
Lemma 1.3]. 

Corollary 4.3. There exists a positive large solution of the problem 

Au + q{x)u = p{x)f{u) — r[x) inuj. (4.39) 



m CO, 



on duj, 



(4.38) 
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Proof. Set $ = n and let n„ be the unique solution of (|4.38|) . By the maximum principle, 
Un < Un+1 <u in uj, where u denotes a large solution of 

WqWoqU = pofiu) - f in w. 

Thus liuin^oo Un{x) = Uoq{x) exists and is a positive large solution of H4.39() . Furthermore, every 
positive large solution of H4.39() dominates Uoo, i.e., the solution Uoo is the minimal large solution. 
This follows from the definition of Uoo and the maximum principle. □ 

Lemma 4.4. //O ^ <I> € C^''^{dn) is a non-negative function and b > on dQ, then the boundary 
value problem 

+ aw = b(x)f(u) in 0, 

u > in O, (4.40) 

li = $ on 5f2, 

has a solution if and only if a (— oo, Aoo,i)- Moreover, in this case, the solution is unique. 

Proof. The first part follows exactly in the same way as the proof of Theorem 14.11 (necessary 
condition). 

For the sufficient condition, fix a < Aoo,i and let Aoo,i > A* > max {a, Ai(;Uo)}. Let be the 
unique positive solution of (Ea) with a = X^:. 

Let j (i = 1, 2) be subdomains of 0, such that CC i^i CC CC 57 and r2\r2i is smooth. 
We define n+ € C'^{Q) as a positive function in Q such that = Uoo on Q\Q2 and u-^- = n^, on 
Qi. Here Uoo denotes a positive large solution of (|4.39|) for p{x) = b{x), r(x) = 0, q{x) = a and 
(J = \ r^i. So, since bo := inf^^yr^i b is positive, it is easy to check that if C > is large enough 
then = Cu-^- satisfies 



Af $ + af $ < b{x)f{v^) 
= oo 



f $ > max $ 

dn 



Let be the unique classical solution of the problem 

Au^ = |a|l^<i. + \\b\\oofivi^) 
v$ > 



in 0, , 
on do, . 
in Q . 



in 

in J7, 
on dQ . 



It is clear that is a positive sub-solution of (|4.40j) and < maxQQ $ < w$ in 0,. Therefore, 
by the sub-super solution method, problem 1)4. 40() has at least a solution f$ between and v^. 
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Next, the uniqueness of solution to (|4.4n|) can be obtained by using essentially the same technique 
as in 15, Theorem 1] or jl4| Appendix II]. □ 

Proof of Theorem \4 1\ completed. Fix a £ (—00, Aoo.i)- Two cases may occur: 

Case 1: 6 > on dO,. Denote by Vn the unique solution of H4.4U() with ^ = n. For 
^ = 1, set V : — and V : — v^, where and are defined in the proof of Lemma 14.41 The 
sub and super-solutions method combined with the uniqueness of solution of 1)4.40(1 shows that 
V < Vn < Vn+1 <V in Q. Hence Vooix) := lim„^oo Vn{x) exists and is a positive large solution of 

Km . 

Case 2: 6 > on dQ. Let Zn (n > 1) be the unique solution of ()4.38|) for p = b + 1/n, 
r = 0, q = a, ^ = n and u = 0,. By the maximum principle, (z„) is non-decreasing. Moreover, 
(zn) is uniformly bounded on every compact subdomain of 0,. Indeed, if ii' C 1^ is an arbitrary 
compact set, then d := dist (K, dO,) > 0. Choose 6 € (0, d) small enough so that 0,q C Cg, where 
C5 = {x G : dist(x,(?r2) > d}. Since 6 > on dCs, Case 1 allows us to define z+ as a 
positive large solution of (j4.H6|) for Q = Cg. Using A standard argument based on the maximum 
principle implies that Zn < z+ in Cs, for all n > 1. So, (zn) is uniformly bounded on K. By the 
monotonicity of (zn), we conclude that Zn z'ln Lj^^(O). Finally, standard elliptic regularity 
arguments lead to Zn z_ in C^'^(r2). This completes the proof of Theorem 14. II □ 

Denote by V and IZ the boundary operators 

Vu := u and TZu := dyU + f3{x)u, 

where u is the unit outward normal to d^l, and (3 G C^'^((9il) is non-negative. Hence, T> is the 
Dirichlet boundary operator and TZ is either the Neumann boundary operator, if /? = 0, or the 
Robin boundary operator, if /? ^ 0. Throughout this work, B can define any of these boundary 
operators. 

Note that the Robin condition 7^ = relies essentially to heat flow problems in a body 
with constant temperature in the surrounding medium. More generally, if a and /? are smooth 
functions on dO, such that a, f5 > 0, a + P > 0, then the boundary condition Bu = ad^u + Pu = 
represents the exchange of heat at the surface of the reactant by Newtonian cooling. Moreover, 
the boundary condition Bu = is called isothermal (Dirichlet) condition if q = 0, and it becomes 
an adiabatic (Neumann) condition if /3 = 0. An intuitive meaning of the condition a + P > on 
dil, is that, for the diffusion process described by problem ()4.36() . either the reflection phenomenon 
or the absorption phenomenon may occur at each point of the boundary. 

We are now concerned with the following boundary blow-up problem 

Au + au = b{x)f[u) in \ r^o ; 

Bu = {) ondn, (4.41) 

u = 00 on d^lo , 
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where 6 > on d^l, while 0,q is non-empty, connected and with smooth boundary. Here, u = oo 
on d^lo means that u{x) — > oo as x € \ Oq and d{x) := dist (x, $7o) ~^ 0- 

The question of existence and uniqueness of positive solutions for problem H4.41() in the case of 
pure superlinear power in the non-linearity is treated by Du-Huang [30] • Our next results extend 
their previous paper to the case of much more general non-linearities of Keller-Osserman type. 

In the following, by (^i) we mean that (^i) is fulfilled and there exists lim^^oo {F/ f)' (^^) '■= 7- 
Then, 7 > 0. 

We prove 

Theorem 4.5. Let (Ai) and {A2) hold. Then, for any a G M, problem i4.41\ ) has a minimal 
(resp., maximal) positive solution IJ_^ (resp., Ua)- 

Proof. In proving Theorem 14.51 we rely on an appropriate comparison principle which allows 
us to prove that {un)n>i is non-decreasing, where n„ is the unique positive solution of problem 
1)4. 43(1 with <I> = n. The minimal positive solution of 1)4.41(1 will be obtained as the limit of the 
sequence {un)n>i- Note that, since 6 = on SJIqi the main difficulty is related to the construction 
of an upper bound of this sequence which must fit to our general framework. Next, we deduce 
the maximal positive solution of (|4.41|) as the limit of the non-increasing sequence (um)m>mi 
provided mi is large so that Vtm-^ CC il. We denoted by Vm the minimal positive solution of 
((4. 41(1 with J7o replaced by 

VL^ := {x e Vt : d{x) < 1/m}, m > mi. (4.42) 

We start with the following auxiliary result (see Cirstea and Radulescu [17]). 

Lemma 4.6. Assume b > on dQ. If {Ai) and {A2) hold, then for any positive function 
$ G C'^'^{dQo) and a eR the problem 

An -|- aw = b(x)f{u) 
Bu = ^ 
u = ^ 

has a unique positive solution. 

We now come back to the proof of Theorem 14.51 that will be divided into two steps: 
Step 1. Existence of the minimal positive solution for problem ^.41\ ). 

For any n > 1, let n„ be the unique positive solution of problem ()4.43|) with ^ = n. By the 
maximum principle, Un{x) increases with n for all x € \ f^o- Moreover, we prove 

Lemma 4.7. The sequence (u„(x))„ is bounded from above by some function V{x) which is 
uniformly bounded on all compact subsets of^}\^}Q. 



in i}\QQ , 

on dn , (4.43) 
on d^o , 
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Proof. Let b* be a C^-function on \ $7o such that 

0<b*{x)<b{x) yx£n\Tio. 

For X bounded away from DQq is not a problem to find such a function b*. For x satisfying 
< d{x) < 6 with 6 > smah such that x — > d{x) is a C^-function, we can take 

b*{x)= [ min b{z)]dsdt. 

Jo Jo d(z)>s 

Let 5 G ^ be a function such that [Ag) holds. Since b*{x) ^ as d{x) \ 0, we deduce, by 
(^i), the existence of some 5 > such that for all x E with < d{x) < 5 and ^ > 1 

Here, 5 > is taken sufficiently small so that g'{b*{x)) < and g"[b*{x)) > for all x with 
< d{x) < 6. 

For no > 1 fixed, define V* as follows 

(i) V*{x) = u„o(x) + 1 for X G and near dO, ; 

(ii) = g{b*{x)) for x satisfying < d{x) < 6 ; 

(iii) V* G C^(II \ Ho) is positive on H \ Ho . 

We show that for ^ > 1 large enough the upper bound of the sequence can be taken 

as V{x) = CV*{x). Since 

BV{x) = Cl3V*{x)>Cmm{l,P{x)}>0, ^x £ dQ and lim - = -oo < 0, 

d(x)\0 

to conclude that Un{x) < V{x) for all x G \ r^o it is sufficient to show that 

-AV{x) > aV{x) - 6(x)/(y(x)), Vx G J] \ Qq. (4.44) 
For X G satisfying < d{x) < 5 and ^ > 1 we have 

-AV{x) - aVix) + b{x)f{V{x)) = -CAg{b*{x)) -a^g{b*{x)) + b{x)fig{b*{x))^) 

For X G satisfying d{x) > 6, 

-AV{x) - aV{x) + b{x)f{V{x)) = ^ (^-AV*{x) - aV*{x) + 6(x) li^Xl^^ > o 

for ^ sufficiently large. It follows that (|4.44|) is fulfilled provided ^ is large enough. This finishes 
the proof of the lemma. □ 

By Lemma H771 U_a{x) = lim„^oo Un{x) exists, for any x G \ JIq- Moreover, is a positive 
solution of ()4.41|1 . Using the maximum principle once more, we find that any positive solution u 
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of (|4.41j) satisfies u > Un on 0, \ ^}q, for all n > 1. Hence [/^ is the minimal positive solution of 



Proof of Theorem completed. 

Step 2. Existence of the maximal positive solution for problem i4-41\ )- 

Lemma 4.8. // is replaced by Qm defined in \4-.42\) , then problem has a minimal 

positive solution provided that {Ai) and {A2) are fulfilled. 

Proof. The argument used here (more easier, since 6 > on i7 \ Q-m) is similar to that in 
Step 1. The only difference which appears in the proof (except the replacement of f^o by 0.^) is 
related to the construction of V*{x) for x near dQ,m- Here, we use our Theorem 14.11 which says 
that, for any a G M, there exists a positive large solution tia,oo of problem ()4.36|) in the domain 
^l\nm- We define V*{x) 

— Ua,oci{x) for X £ \ and near d^m- For ^ > 1 and x G ^2 \ 

near dVLrn we have 

-/W{x) - aV{x) + h{x)f{V{x)) = -i/W*{x) - aiV*{x) + b{x) f {^V* {x)) 
= b{x)[f{iV*{x)) - U{V*{x)\>Q. 

This completes the proof. □ 

Let Vm be the minimal positive solution for the problem considered in the statement of 
Lemma |4.8I By the maximum principle, Vm > Vm+i > u on $7 \ where u is any positive 
solution of (|4.41j) . Hence Ua{x) := limm^oo 'ym(a^) > u{x). A regularity and compactness argu- 
ment shows that Ua is a positive solution of (|4.41|) . Consequently, Ua is the maximal positive 
solution. This concludes the proof of Theorem 14.51 □ 

The next question is whether one can conclude the uniqueness of positive solutions of problem 
(|4.41|) . We recall first what is already known in this direction. When f{u) = vP, P > 1, Du-Huang 
j4Uj proved the uniqueness of solution to problem H4.41() and established its behaviour near d^Q, 
under the assumption 

bix) 

lim , ,, ,., = c for some positive constants r, c > 0. (4.45) 

d{x)\o [d{x)Y ^ ^ 

We shall give a general uniqueness result provided that b and / satisfy the following assump- 
tions: 

bix) 

(Bi) lim , , , . ,. = c for some constant c > 0, where < k £ C^(0,5o) is increasing and 
d{x)\o k{d{x)) 

satisfies 

r* -./kisSds 

{B2) K{t) = ^° ^ G C^[0,So), for some 60 > 0. 

VHt) 

Assume there exist C > find to > 1 such that 

(^3) fm<e^'^fit), veG(o,i), vt>we 
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(A4) the mapping (0, 1] 9 ^ 1 — > ^(0 = lim„^oo . „ . is a continuous positive function. 

Our uniqueness result is 

Theorem 4.9. Assume the conditions (Ai) with 7 7^ 0, (A^), (Bi) and {B2) hold. Then, 

for any a € M, problem i4-41[ ) ^ unique positive solution Ua- Moreover, 

Uajx) 
d{x)\0 h{d{x)) 

where h is defined by 

ds 



lh[t) ^2F{s) Jo 
and ^0 "is the unique positive solution of A{^) 



y^ki^ds, VtG(0,(5o) (4.46) 
i^'(0)(l -27) + 27 



c 



Remark 2. (a) (Ai) + (^3) ^ {A2). Indeed, lim^^oo ^fe > since is non-decreasing for 
t > to. 

(b) K'{Q){1 - 27) + 27 G (0, 1] when (ii) with 7 / 0, (^2), {Bi) and {B2) hold. 

(c) The function (0, 00) 3 ^ 1 — > A{£^) € (0, 00) is bijective when {A3) and {A4) hold (see 
Lemma \4.1Ui ). 

Among the non-hnearities / that satisfy the assumptions of Theorem 14.91 we note: (i) f{u) = 
u^, p > 1; (ii) f{u) = uPln{u + 1), p > 1; (iii) f{u) = n^arctanu, p > 1. 

t-r-n fiC^) 

Proof of Theorem \4.y\ By (^4) we deduce that the mapping (0, 00) B ^ 1 — > A{^) = hm 

M-+00 ^f i^u) 

is a continuous positive function, since A(l/^) = 1/A((^) for any ^ € (0, 1). Moreover, we claim 

Lemma 4.10. The function A : (0,oo) (0,oo) is bijective, provided that {A^) and (A^) are 
fulfilled. 

Proof. By the continuity of A, we see that the surjectivity of A follows if we prove that 
lim^^o^(6 = 0- To this aim, let ^ € (0, 1) be fixed. Using {A3) we find 

&{u) C 

which yields A{^) < Since ^ e (0, 1) is arbitrary, it follows that lim^\o^(C) = 0- 

We now prove that the function ^ 1 — > A{S^) is increasing on (0, 00) which concludes our lemma. 
Let < ^1 < < CO be chosen arbitrarily. Using assumption {A3) once more, we obtain 

i+C 



f{Clu) = f (|e2«) < (I) f{C2u), 



It follows that 



6/(«) - V6y C2f{u)' - 
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Passing to the limit as u — > oo we find 

^(6) < (1)^^(6) < ^(6), 

which finishes the proof. □ 

Proof of Theorem 14-91 completed. Set n(£) = hm b(x) "^Z,. }}^} i for any £ > 0. Using 

d{x)\o ^ ' h"{d{x))i ' 

we find 

= V fe(^) k{d{x))f{h{d{x))) f{h{d{xm _ Ht)f{h{t)) fi^u) 

d{x)\0 k{d{x)) h"{d{x)) ^f{h{d{x))) t\0 h"{t) u^oo^f{u) 

" K'(0)(l-27) + 27^^^^- 

This and Lemma l4. lUI imply that the function 11 : (0, oo) — > (0, oo) is bijective. Let be the 

unique positive solution of n(^) = 1, that is A{^q) = — — 2_ 

c 

For e G (0, 1/4) arbitrary, we denote = n^-'^(l — 4e), respectively ^2 = n~^(l + 4e). 
We choose (5 > small enough such that 

(i) dist (x, SVLq) is a function on the set {x G : dist (x, 5ilo) ^ 2(5}; 

^ (^) A , „ ^(•^) ^ ^ g^j^j y Q fQj, g^i^ g g (-Q^ 2(5) and x satisfying < d{x) < 



2(5; 



("i) (nfe) -e) /^yifllh < ^(^) < (n(ei) + £) ^'!!:f!,fli'y for every x with < d{x) < 

26. 

(iv) b{y) < (1 + e)b{x), for every x,y with < d{y) < d{x) < 25. 

Let a € (0,(5) be arbitrary. We define v^{x) = h{d{x) + (t)Ci, for any x with d(x) + a < 26, 
respectively Va{x) = h{d{x) — a)^2 for any x with a < d{x) < 26. 

Using (ii), (iv) and the first inequality in (iii), when a < d{x) < 26, we obtain (since \ Vd{x)\ = 

1) 

~AU„{x) - av„{x) + b{x)f{v^{x)) 

= ^2 (^-h\d{x) - a) Ad{x) - h"{d{x) -a) -a h{d{x) - a) + ^(^)/(^(^^^) " 

- ^' - M.) - » ^ - 1 . 

for all X satisfying a < d{x) < 26. 
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Similarly, using (ii), (iv) and the second inequality in (iii), when d{x) + a < 25 we find 



-Av^{x) - av^{x) + b{x)f{v^{x)) 

, \ ^ \f h'{d{x)+<j) h{d{x)+a) h{x)f{h{d{x)+a)ii] 

= iih {d{x) + a) , _s Ad(x) - a ,,,,,,, , - 1 + 



h"{d{x)+a) ^' h"{d{x)+a) h"{d{x)+a)^i 

for all X satisfying d{x) + a < 25. 

Define fi^ = {x G : d{x) < 5}. Let w CC be such that the first Dirichlet eigenvalue 
of (—A) in the smooth domain f^o \ is strictly greater than a. Denote by it; a positive large 
solution to the following problem 

— Aw = aw — p{x) f (w) in Qs , 

where p G C^'^{^s) satisfies < p{x) < b{x) for x G QsX^o, p{x) = on 0.q\lo and p{x) > for 
X uj. The existence of w is guaranteed by our Theorem 14. II 

Suppose that u is an arbitrary solution of (|4.4H) and let v := u + w. Then v satisfies 

—Av > av — h{x)f{v) in \ Oq- 



Since 



we find 



Similarly 



v\dno = oo > iTcrloQo and v\dns = oo > w^lsf^^, 

u + w>v^ on Q5\ViQ. (4.47) 



Va + w>u on9.s\9.a. (4.48) 
Letting cj — > in 1)4. 47(1 and (|4.48p . we deduce 

h{d{x)) £,2 + 2w>u + w> h{d{x)) Ci, Vx E il^ \ Qq. 

Since w is uniformly bounded on dQo, it follows that 

6 < liminf < hmsup < 6- (4.49) 

d(x)\o h{d{x)) rf(^)^o h{d{x)) 

Letting e ^ in ()4.49|) and looking at the definition of .^i respectively ^2 we find 

lim -^^ = eo. (4.50) 

d{x)\o h{d{x)) 

This behavior of the solution will be speculated in order to prove that problem 1)4. 41() has a 
unique solution. Indeed, let ui, U2 be two positive solutions of (|4.41j) . For any e > 0, denote 
Ui = {1 + e) Ui, i = 1,2. By virtue of ()4.5()|) we get 

ui{x)-U2{x) U2{x)-ui{x) t ^ n 

d{x)\o h{d{x)) d{x)\o h{d{x)) 
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which imphes 

hm - U2{x)] = Jim [u2ix) - ui{x)] = -oo. 

d(x)\0 d{x)\0 

On the other hand, since is increasing for u > 0, we obtain 

— Auj = — (1 + e) Aui = (1 + e) (a Ui — b{x)f{ui)) > aui — b{x)f{ui) in \ JIq) 
Bui = Bui = on do.. 

So, by the maximum principle, 

ui{x) < U2{x), U2{x) < ni(x), Vx S \ JIq- 

Letting e ^ 0, we obtain ui = U2- The proof of Theorem 14.91 is complete. □ 
The above results have been established by Cirstea and Radulescu P7l I29j . 

4.1 Uniqueness and asymptotic behaviour of the large solution. A Karamata 
regular variation theory approach 

The major purpose in this section is to advance innovative methods to study the uniqueness and 
asymptotic behavior of large solutions of 1)4. 36() . This approach is due to Cirstea and Radulescu 
[25l [28l l3n| l3H l32] and it relies essentially on the regular variation theory introduces by Karamata 
(see Bingham, Goldie, and Teugels [I3|) Karamata [^), not only in the statement but in the 
proof as well. This enables us to obtain significant information about the qualitative behavior 
of the large solution to (|4.3Hj) in a general framework that removes previous restrictions in the 
literature. 

Definition 4.11. A positive measurable function R defined on [D, oo), for some D > 0, is called 
regularly varying (at infinity) with index g € M (written R G RVg) if for all > 

lim R{Cu)/R{u) =C<?. 

u—>oo 

When the index of regular variation q is zero, we say that the function is slowly varying. 

We remark that any function R G RVg can be written in terms of a slowly varying function. 
Indeed, set R{u) = u'^L{u). Prom the above definition we easily deduce that L varies slowly. 

The canonical g-varying function is u'^. The functions ln(l + u), lnln(e + u), exp {(In u)"^}, 
a £ (0, 1) vary slowly, as well as any measurable function on [D, oo) with positive limit at infinity. 

In what follows L denotes an arbitrary slowly varying function and D > a positive number. 
For details on the below properties, we refer to Seneta |55] . 

Proposition 4.12. (i) For any m > 0, u"^L{u) —>■ oo, u^"^L{u) as u oo. 

(a) Any positive C^-function on [D,oo) satisfying uL'^{u) / Li{u) as u —^ oo is slowly 
varying. Moreover, if the above limit is q (zM, then L\ G RVq. 
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(in) Assume R : [D, oo) (0, cxd) is measurable and Lebesgue integrable on each finite subin- 
terval of [D, oo). Then R varies regularly iff there exists j € M such that 

u^oQ J ^ xJ R[x) ax 

exists and is a positive number, say aj + 1. In this case, R G RVq with q = Oj — j. 

(iv) (Karamata Theorem, 1933). If R ^ RVq is Lebesgue integrable on each finite subinterval 
of [D, oo), then the limit defined by i4.51[) is q + j + 1, for every j > —q — 1. 



Lemma 4.13. Assume (Ai) holds. Then we have the equivalence 

a) f G RVp ^ b) lim uf'{u)/f{u) := § < oo ^ c) lim (F//)' (u) := 7 > 0. 

Remark 3. Let a) of Lemma \4.13\ be fulfilled. Then the following assertions hold 

(i) p is non-negative; 

(ii) ^ = l/{p + 2) = l/{d + l); 

{Hi) If p ^ 0, then {A2) holds (use limu^oo f (u) / = 00, Vp G (1,1+ p)). The converse 
implication is not necessarily true (take f{u) = uln^(u + \)). However, there are cases when 
p = and {A2) fails so that \4-36{) has no large solutions. This is illustrated by f{u) = u or 
f{u) = ■uln(ti + 1). 

Inspired by the definition of 7, we denote by K, the set of all positive, increasing C^-functions 

k defined on (0, i^), for some v > 0, which satisfy hmt^o+ I ^^^-^ — I '■= i-i, i = 0, 1. 

It is easy to see that ^0 = and li G [0, 1], for every k £ IC. Our next result gives examples 
of functions /c G /C with lim^^o+ ^(0 = every ii G [0, 1]. 

Lemma 4.14. Let S G C'^[D.,oo) be such that S' G RVq with q > —1. Hence the following hold: 

a) Ifk{t) = exp{-S'(l/t)} Vt < l/D, then k e JC with ii = 0. 

b) Ifk{t) = l/S{l/t) \ft < l/D, then k e )C with ii = l/{q + 2) e (0,1). 

c) If k{t) = 1/ In S{l/t) yt < l/D, then keJC with £1 = 1. 

Remark 4. If S £ C^iD, 00), then S' G RVq with q > -1 iff for some m > 0, C > and B > D 
we have S{u) = Cu™exp | dt^ , Vn > B, where y G C[B, 00) satisfies lim„^oo y{u) = 0. In 

this case, S' G RVq with q = m — 1. (This is a consequence of Property \4.1S\ (Hi) and (iv). 

Our main result is 

Theorem 4.15. Let (Ai) hold and f G RVp with p > 0. Assume b = on dQ satisfies 
(B) b{x) = ck'^{d{x)) + o{k'^{d{x))) as d{x) — > 0, for some constant c > and A; G /C . 
Then, for any a G (— oo,Aoo,i); Eq. i4.36{) admits a unique large solution Ua. Moreover, 



d{x)^o h{d{x)) 
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where = ( ~7~~ — ^ ) o^n-d h is defined by 



c{2 + p) 



ds 



h(t) V2F{s) Jo 



t 

k{s)ds, VtG(0,i^). (4.53) 



By Remark 0] the assumption /' € RVp with p > holds if and only if there exist p > 1 
and B > such that f{u) = Cu^exp | for all n > i? (y as before and p = p + 1). 

If B is large enough {y > —p on [i?,cx))), then f{u)/u is increasing on [i?,oo). Thus, to get 
the whole range of functions / for which our Theorem 14.151 applies we have only to "paste" 
a suitable smooth function on [0, i?] in accordance with {Ai). A simple way to do this is to 
define f{u) = n^expl J^" dt}, for all u > 0, where z € C[0,oo) is non-negative such that 
\\mi^Q+ z{t) /t E [0, oo) and lim^^oo •^('u) = 0. Clearly, f{u) = vP , f[u) = vPh\{u + 1), and 
f{u) = vP sxcisiiu {p > 1) fall into this category. 

Lemma 14.141 provides a practical method to find functions k which can be considered in 
the statement of Theorem 14.151 Here are some examples: k{t) = — 1/lnt, k{t) = t", k{t) = 
exp{-l/r}, k{t) = exp{-ln(l + k{t) =exp{- [arctan (i)] /t"}, k{t) = t"/ln(l + i), 

for some a > 0. 

As we shall see, the uniqueness lies upon the crucial observation (|4.52j) . which shows that all 
explosive solutions have the same boundary behaviour. Note that the only case of Theorem 14. 151 
studied so far is f{u) = vP {p > 1) and k[t) = t°' (a > 0) (see Garcia-Melian, Letelier-Albornoz, 
and Sabina de Lis HT). For related results on the uniqueness of explosive solutions (mainly in the 
cases 6=1 and a = 0) we refer to Bandle and Marcus jS], Loewner and Nirenberg j73j . Marcus 
and Veron [7H] . 

Proof of Lemma \4-13\ From Property 14.121 (iv) and Remark |21 (i) we deduce a) =^ b) and 
"i? = p + 1. Conversely, b) =^ a) follows bv l4.12l (iii) since i? > 1 cf. (^i). 

b) =^ c). Indeed, hm„^oo ^^p^ = ! + '&, which yields = hm^^^o. 



F 



U 



J J \^) - i - 7- 

b). Choose si > such that [^^^ (u) > ^, Vn > si. So, {u) > ^-^^^^ + (si), 
Vm > si. Passing to the limit u — > oo, we find lim„^oo = oo. Thus, lim^^oo ■^^^ = ^- Since 
1 - 7 := hm^^oo ^^fJ(J^^ , we obtain lim„^oo = ^ 

Proof of Lemma \4-14\ Since liniu^oo uS' (u) = oo (cf. Prooertv 14.121 (i)). from Karamata 
Theorem we deduce limu^oo "g^^"^ = q + 1 > 0. Therefore, in any of the cases a), b), c), 
limj^Q+ k{t) = and k is an increasing C^-function on (0, u), for > sufficiently small. 

a) It is clear that lim(^o+ k(t) in k{t) ~ -^i™t^o+ ^ts{i/t) ~ + 1)- I'Hospital's rule, io = 
l.m,_„. gSL = and m.,_„,^l£%^ = -^i,. So, 1 - I, lin,..„. = 1. 

b) We see that lim(^o+ ^k{t) ~ l™t^o+ ^(i/*) = q + 1. By rHospital's rule, Iq = and 
imit^o+ tk{t) - i+2- ^o,ti-L- limt^o+ tk{t) TpT " 



31 



c) We have limj^o+ = limt^o+ fg(l/fj =9+1- By rHospital's rule, limj^o+ '^°tk(t)'^'' = 1- 

Thus, 4 = and ^1 = 1 - hmi^o+ ^^^-^^ = 1. □ 

Proof of Theorem \4.15\ Fix a € (— oo, Aoo,i)- By Theorem 14.11 problem (|4.36j) has at least a 
large solution. 

If we prove that H4.52() holds for an arbitrary large solution Ua of ()4.36p . then the uniqueness 
follows easily. Indeed, if ui and U2 are two arbitrary large solutions of (|4.36j) . then (|4.52|1 yields 
lim^(2,)^o+ — 1- Hence, for any e G (0, 1), there exists 6 = 5{e) > such that 

(1 - e)u2{x) < ui{x) < (1 + e)u2{x), Vx e 17 with < d{x) < 6. (4.54) 



Choosing eventually a smaller 5 > 0, we can assume that C Cs, where := {x E 17 : d{x) > 
6}. 

It is clear that ui is a positive solution of the boundary value problem 

A(/> + a(/> = b{x)fi(p) in Cs, (p = ui on dCs- (4.55) 

By (^i) and 1)4. 54() . we see that 0^ = (1 — e)u2 (resp., 0+ = (1 + e)u2) is a positive sub-solution 
(resp., super-solution) of 1)4. 55(1 . By the sub and super-solutions method, ()4.55|) has a positive 
solution (pi satisfying (j)^ < (pi < (p^ in Cs- Since b > on Cs \^o, we deduce that (|4.55|) has a 
unique positive solution, that is, ui = cpi in Cs- This yields (1 — e)u2{x) < ui{x) < (1 + e)u2{x) 
in Cs, so that (|4.54)) holds in $7. Passing to the limit e — > O"'', we conclude that ui = U2- 

In order to prove (|4.52l) we state some useful properties about h: 
{hi) h S C^(0, z^), lim(^o+ ^(0 — ^ (straightforward from (|4.53j) ). 

(/i2) limi^o+ ^2(^)^y|^|^)g) = 1^ > ° ^" >^^^ (0' 2(^), for 5 > small enough). 

(hs) limt^o+ h{t)/h"{t) = limt_o+ h'{t)/h"{t) = 0. 



We check (/12) for ^ = 1 only, since / E i^Fp+i. Clearly, /i'(t) = -k{t)yj2F{h{t)) and 

A;'(t) ( r* /c(s) ds ) /TThltY) \ 



We see that lim^^oo \/ / f{u) = 0. Thus, from PHospital's rule and Lemma [4.131 we infer 
that 

lim = 1-^= P (4 57) 

-^^f{u)i-:^[F{s)]-^l^ds 2 ^ 2(p + 2)- ^ -"'^ 

Using 1)4. 56p and ()4.57|) we derive (/12) and also 

-2(2 + p) /o fc(.) -pfo 
i^™/i"(t) 2 + 4/0 t-™ fc(t) ™/(i.)/~[F(s)]-i/2ds 2 + 4,9 ^ ^^""^ 

From {hi) and (/12), limt^o+ ^'(*) = — cxd. So, rHospital's rule and (|4.58j) yield limj^o+ = 0- 



h'(t) 



This and (|4.58j) lead to lim(^o+ = which proves (/13). 
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Proof of W5^ . Fix e £ (0, c/2). Since b = on dil. and {B) holds, we take (5 > so that 
(i) d(x) is a C^-function on the set {x € : d{x) < 26}; 
{a) k'^ is increasing on (0,2(5); 

(m) (c - e)A;2(d(x)) < b{x) < (c + e)/c2((i(x)), Vx G with < d{x) < 25; 
{iv) h"{t) > Vt G (0,25) (from (/la))- 



Let a G (0, 5) be arbitrary. We define — (c=p2£)(2+p) 
all X with d(x) + a <25 resp., (2:^) = h{d{x) — (t)^^, for a^ 



2+<;ip 



i/p 

and t;^ (x) = h{d{x) + a)^ , for 



1 X with a < d{x) < 26. 
Using {i)-{iv), when a < d{x) < 25 we obtain (since \Vd{x)\ = 1) 

A..- + - M) < ek"idix) - a) (^fl^M.) + ^^^^^ + 1 

_ _ e{d{x)-a)f{h{d{x)-a)^+) \ 
h"id{x)-a)C+ J' 

Similarly, when d(x) + o" < 25 we find 

, / N „/ N ^ ,///,/ N N / h'id(x) + cr) » , hidix) + cr) 
A.; + av- - bix)fiv-) > rh"Kx) + .) [ JJJ^^J^ Adix) + a^Ai_J_J_ + 1 

_ fc^(d(x) + a)/(/i(d(x) + a)r) \ 
/i"(d(x) + a)^- 

Using (/i2) and (/13) we see that, by diminishing 5, we can assume 

At;+(x) + av^{x) - b{x)f{v^{x)) < Vx with a < d{x) < 25; 

Av~{x) + af~(x) — 6(x)/(t;^(x)) > Vx with d{x) + a < 25. 

Let Oi and O2 be smooth bounded domains such that CC $7i CC il2 and the first Dirichlet 
eigenvalue of (—A) in the domain r2i\r2 is greater than a. Let p G C^'^{il,2) satisfy < p{x) < 6(x) 
for X G O \ C2S, p = on \ and p > on 1^2 \ ^i- Denote hy w a positive large solution of 

Aw + aw = p{x)f{w) in 1^2 \ C2S- 

The existence of w is ensured by Theorem 14. II 

Suppose that Ua is an arbitrary large solution of ()4.36p and let v := Ua + w. Then v satisfies 

Av + av-b{x)f{v) <0 inS7\C25- 

Since v^qq = 00 > v~^q^ and vi^Qc^g = 00 > v^^qq^^, the maximum principle implies 

Ua + w>v^ onn\C2S- (4.59) 

Similarly, 

vt+w>ua onC^\C25. (4.60) 
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Letting a ^ in (|I39|) and ^IW^ . we deduce h{d{x))^^+2w > Ua+w > h{d{x))£,~ , for all x G r2\ 

C25- Since w is uniformly bounded on dfl, we have S,~ < liminf | < limsup ^ < 

d(x)^o d(a;)^o "-(0(2;)) 

Letting e ^ 0^ we obtain (|4.52j) . This concludes the proof of Theorem 14.151 □ 

Bandle and Marcus proved in that the blow-up rate of the unique large solution of H4.36() 
depends on the curvature of the boundary of fi. Our purpose in what follows is to refine the 
blow-up rate of Ua near dfl by giving the second term in its expansion near the boundary. This 
is a more subtle question which represents the goal of more recent literature (see Garcia-Melian, 
Letelier-Albornoz, and Sabina de Lis and the references therein). The following is very general 
and, as a novelty, it relies on the Karamata regular variation theory. 

Recall that /C denotes the set of all positive increasing C^-functions k defined on (0, z^), for 
some > 0, which satisfy limt\o{ Jq k{s) ds/k{t))^^'' := £i, i G 0, 1. We also recall that RVq 
{q G M) is the set of all positive measurable functions Z : [A, 00) M (for some A > 0) 
satisfying lim^^oo Z{Cu)/Z{u) = > 0. Define by NRVq the class of functions / in the form 

f{u) = Cu'i'exp {J'^4>{t)/tdt], Vn > 5 > 0, where C > is a constant and (j) ^ C[B^ 00) satisfies 
limj^oo 0(0 = 0. The Karamata Representation Theorem shows that NRVq C RVq. 

For any C > 0, set /Co,,^ the subset of /C with ^1 = and lim^N^o ^^^(/o ^i^) ds/k{t)y := G M. 
It can be proven that /Co,c = ^o,C! where 



7^l 



Define 



k : k{u-^) = dou [A{u)]-^ exp [- (sA(s))-^ ds\ {u>di), < A G C^[di, 00), 
lim^^oo A(ti) = liuiu^oo uA' (u) = 0, liuiu^oo u'^^^ A' (u) = eR, do, di > 



Tp,, = {/ G iVWp+i (p > 0) : G iJV;, or - G RV^} , rj £ {-p - 2,0]; 
^P0,r = {/ e J^po : lim (Inn)Xu) = T G M}, r G (0, cx)). 

u— >oo 

The following result establishes a precise asymptotic estimate in the neighbourhood of the 
boundary. 

Theorem 4.16. Assume that 

6(x) = A:2((i)(l-Fc/-Fo(/)) ifd{x)^0, where k e no,(:, 9 > 0, c eR. (4.61) 

Suppose that f fulfills (Ai) and one of the following growth conditions at infinity: 

(i) f{u) = CuP^^ in a neighbourhood of infinity; 

(ii) / G Tfyr^ with 7] ^ 0; 

(iii) / G ^pO,Ti with ti = zu/C, where w = mm{6X}- 

Then, for any a G ( — cjo, Aoo,i)j the unique positive solution Ua of j^.A'dp satisfies 



Ua{x) = Coh{d){l + xd"^ + oid"^)) if d{x)^0, where Co = [2(2 + p)-^]^/P (4.62) 
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and h is defined by f^^J2F{s)] ^^"^ds = jQk{s)ds, fort > small enough. The expression of x 



lh(t) 

is 



X 



-(1 + C)L{2Cy^ Heaviside {9 - C) - cp"^ Heaviside (C - 0) := xi if (i) or (ii) holds 
XI - tp-\-pL/2Y^ [l/(p + 2) + In^o] if f obeys (iii). 



Note that the only case related, in same way, to our Theorem 14.161 corresponds to ilo = 0; 
f{u) = uP+^ on [0,oo), k{t) = G /C (where c, a > 0), 6* = 1 in (gSTJ, being studied in [31|. 
There, the two-term asymptotic expansion of Ua near dVt (a € M since Aoo,i = cxd) involves both 
the distance function d{x) and the mean curvature H of dVi. However, the blow-up rate of Ua we 
present in Theorem 14.161 is of a different nature since the class 7^o,c does not include k{t) = ct". 

Our main result contributes to the knowledge in some new directions. More precisely, the 
blow-up rate of the unique positive solution Ua of H4.36() is refined as follows in the above result: 

(a) on the maximal interval (— oo, Aoo,i) for the parameter a, which is in connection with an 
appropriate semilinear eigenvalue problem; thus, the condition 6 > in is removed by defining 
the set Qq, but we maintain 6 = on since this is a natural restriction inherited from the 
logistic problem. 

(b) when b satisfies ()4.61|) . where 6 is any positive number and k belongs to a very rich class 
of functions, namely 'R'0,( ■ The equivalence 7^o,c = ^o,( shows the connection to the larger class 
/C for which the uniqueness of Ua holds. In addition, the explicit form of A; G ^o,c shows us how 
to built k G A^o,c- 

(c) for a wide class of functions / G NRVp^i where either 4> = (case (i)) or (j) (resp., — </>) 
belongs to RVrj with rj G (— p — 2, 0] (cases (ii) and (iii)). Therefore, the theory of regular variation 
plays a key role in understanding the general framework and the approach as well. 

Proof of Theorem \4-.lb\ We first state two auxiliary results. Their proofs are straightforward 
and we shall omit them. 

Lemma 4.17. Assume \4-bl\) and f G NRVpj^i satisfies [Ai). Then h has the following proper- 
ties: 

(i) h G C^(0, v), linijx^o ^(^) = oo and lim^^o h'{t) = — oo; 

(ii) \im,^^h"{t)/[k^{t)f{hm] = {2 + ph)/[^P+^{2 + p)], > 0; 

(iii) limtxo/i(t)//i"(t) = Vi^t\oh'{t)/h"{t) = limt\oh{t)/h'it) = 0; 

iv) hm^^o h'{t)/[th"it)] = -pii/{2 + ph) and lim^^o h{t)/[t^h"{t)] = p^l/m + ph)]; 

v) limt\ohit)/[th'{t)]=limt\o[lnt]/[lnhit)] = -ph/2; 

vi) If ii = 0, then \imt\^Q P h{t) = oo, for all j > 0; 

vii) limtxo lnh{t)] = -pL/2 and limt^o h'{t)/[t<+^h"{t)] = pL/{2C), VA; G Te^c- 

Let r > be arbitrary. For any u > 0, define Ti^T-(n) = {p/[2{p + 2)] — E{u)}(lnuy and 
T2,r{u) = {f{Cou)/[Cof{u)] - CoM^^uY ■ Note that if /(n) = CuP+\ for n in a neighbourhood Kx) 
of infinity, then Ti^r{u) = T2^t{u) = for each u G Vqo- 
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Lemma 4.18. Assume (Ai) and f € J-pr;- The following hold: 

(i) Iffe ^po,r, then lim^^oo = -t/{p + 2)^ and lim„_oo T2,,(n) = ^^t In Co- 

(ii) /// E J^p,, with 77/0, i/ien lim^^oo 7i,r('u) = ^i^u~>ooT2,r{u) = 0. 



Fix e e (0, 1/2). We can find 6 > sucli that d(x) is of class on {x € : d{x) < 6}, k 
is nondecreasing on (0, 6), and h'{t) < < h"(t) for all t G (0, (^). A straightforward computation 
shows that limf\_o ^"'^^^^'(^)/^(^) — every 6 > 0. Using now (|4.6H) . it follows that we can 

diminish 6 > such that k'^{t) [l + (c — £)t^~\ is increasing on (0,6) and 

l + {c-e)d^ <b{x)/k^{d) <l + {c + e)d^, e n with d e {0,6). (4.63) 

We define u^{x) = ^oH(i){^ + xt^"^)^ with d G (0,5), where = X ± e [1 + Heaviside (C - 6')]//0. 
Take 6 > small enough such that u^{x) > 0, for each x G with d G (0, 6). By the Lagrange 
mean value theorem, we obtain f{u^{x)) = f{Coh{d)) + $,Qxtd^h{d)f' {T^{d)), where T^{d) = 
ioh{d){l + X^{d)xtd'^), for some X^{d) G [0, 1]. We claim that 

lim/(T±(d))//(eo/i(d)) = L (4.64) 

Fix a G (0, 1) and M > such that \xf\ < M. Choose > so that |(1 ± Mt)P+^ - ![ < cr/2, 
for ah t G (0, 2/i*). Let fj.^ G (0, (^*)^/'^) be such that, for every x G with d G (0, /U^) 

|/(eo/i(d)(l ± iVV))//(eo/i(d)) - (1 ± Mf,y+'\ < a/2. 

Hence, 1 - < (1 - M/i*)/'+i - f7/2 < f{T'^{d))/f{^oHd)) < (1 + Af^*)^+i + fT/2 < 1 + ct, for 
every x G 0, with d G (0, /i^). This proves (|4.64() . 

Step 1. There exists 5i G (0,5) so that An+ + au+ - k^{d)[l + (c - e)d^]/(ti+) < 0, Vx G 17 
withdG (0,5i) and An" + an" - /c2((i)[l + (c + e)d'']/(n-) > 0, Vx G with d G (0,5i). 

Indeed, for every x G with d G (0, 5), we have 

An± + au± - A;2(d) [l + (c e)fi''] f{u^) 

— ^0" n [.a) ^aXe f^„(^^) -h Xe + ^^As dh"{d) ^ ^" 

+W[W - l}Xe d^h"{d) + ^" d^h"{d) + d^h"{d) "t 

where, for any t G (0,5), we denote 



Sfit) = [-c±e)t'^'- k\t)f{^,h{t))/[i,h"{t)l Sfit) = xt{l - k\t)h{t)f'iT^{t))/h"{t)), 
Siit) = {-c±e)xft'k\t)h{t)nT^{t))/h'\t), Sfit) = r-(l - k\t)f{Cohit))/[^oh"m- 

By LemmaEIZKii), we find limt\o (t) f {S,oh{t))[S,oh" {t}]-^ = 1, which yields limt\0'5f (*) = 
(-c±e)Heaviside(C-6'). Using K^ . we obtain lim.x n k^(t)h(t) f (T^(t))/h" (t) = p+1. Hence, 
limj\o5^(i) = -pxt and limt\o ^^^(i) = 0. 
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Using the expression of h" , we derive Sf{t) = ^ ^*h''(t)^^^ S?=i '^4,«(^)5 ^ (0;'^)) where we 
denote S,,r{t) = 2^{f^ k{s) ds/k{t))\ S.^^it) = 2^^§^ and S,,s{t) = -^j^^. 

Since 7^o,c = ^o,C5 '^^ limt\0'54,i(t) = —(1 + C)pi-kC^^{p + 2)"^ Heaviside (0 — C)- 

Cases (i), (ii). By Lemma l4.17l fvii) and Lemma l4.18l fii). we find hmt\o 'S'4,2(i) = hmt\o 'S'4,3(i) 
0. In view of Lemma l4.17l fii). we derive that hnii^o Sf{t) = -(1 + C)/o4(2C)"^ Heaviside (6* - C). 

Case (iii). By Lemma HTTI fviil and Lemma|2Iia(i), hmt^o 5'4,2(t) = -2t{p+2)-^{-pi^/2y^ 
and hmt\o 'S'4,3 (t) = — 2£*(p + 2)~^(— /)^^/2)'^i In^o- Using Lemma [4. 171 fii) once more, we arrive 
at hmt^o Sfit) = -(1 + C)/94(2C)-^ Heaviside {6 - C) - t{-pL/2y^ [l/{p + 2) + In Co]. 

Note that in each of the cases (i)~(iii), the definition of xt yields limt\o Sj=i '^/(O = — e < 
and limt\o Yfj=i ^Ji^) = e > 0. By Lemma EUl (vii) , limf^o t^w\t) = 0. But hmt\o ^ = 0, 
so lim^^o t^h^\t) ~ ^- Thus, using Lemma [4. 171 [(ni). (iv)], relation (|4.65|) concludes our Step 1. 

Step 2. There exists M+, 5+ > such that Ua(x) < ■u+(x)+Af+, for allx eO, with < d < 5+. 

Define (0, 00) 3 u 1 — > ^x(^) = au — b{x)f{u), Vx with (i e (0, 61). Clearly, ^x{u) is decreasing 
when a < 0. Suppose a G (0,Aoo,i)- Obviously, f{t)/t : (0,oo) — > (/'(0),oo) is bijective. Let 
82 € {0,61) be such that b{x) < 1, Vx with d € (0,52)- Let Ux define the unique positive solution 
of b{x)f{u)/u = a + /'(O), Vx with d € (0,52)- Hence, for any x with d E (0,(^2)) ^ — > ^x(^) 
is decreasing on (n^.,oo). But limrf(^)^o ^^^^f^j)^ = +00 (use lim^(^)^o ^^^(^)/^('^) = Co, (^1) 
and Lemma [4. 171 [(ii) and (iii)]). So, for 82 small enough, u'^{x) > Ux, Vx with d € (0,(52)- 

Fix fj G (0,(^2/4) and set A/'o- := {x G O : a < d{x) < 62/2}. We define u*{x) = u+{d-a,s) + 
M+, where (d, s) are the local coordinates of x G AAo-. We choose > large enough to have 
<(<52/2,s) > Ua{52/2,s), Vcj G (0,(52/4) and Vs G 917. Using (ITOl) and Step 1, we find 

-A<(x) > au+{d -a,s)-[l + {c- e){d - af]k'^{d - a)f{u+{d - a, s)) 

> au+{d -a,s)-[l + {c- e)d%^(d)fiu+{d - a, s)) > ^^(^^^(d - (t, s)) 

> ^xiK) = a<(x) - 6(x)/«(x)) in A/;. 

Thus, by the maximum principle, Ua < n* in Afa, ^cr G (0,(52/4). Letting a ^ 0, we have proved 
Step 2. 

5iep 3. There exists Af~, (5~ > such that Ua{x) > u~ {x)—M~ , for all x G with < d < 5~ . 

For every r G (0,(5), define 0^ = {a; G 17 : < (i(x) < r}. We will prove that for A > 
sufficiently small, An~(x) < Ua{x), Vx G ^62/4- Indeed, fix arbitrarily a G (0,(52/4). Define 
f*(x) = Xu~ {d + a, s), for x = (d, s) G ^62/2- We choose A G (0,1) small enough such that 
<((52/4,s) < na((52/4,s), Va G (0,(52/4), Vs G 917. Using XUm . Step 1 and (^i), we find 

A<(x) + av*{x) > Xk\d + (7)[1 + (c + e)((i + afUiu'id + a, s)) 
> k\d)[l + (c + e)/]/(Atx-((i + a,s)) > 6/«), 

for all X = {d,s) G 17^2/4, that is v* is a sub-solution of Au + au = b{x)f{u) in 1752/4- 
maximum principle, we conclude that < Ua in ^s2/4:- Letting a ^ 0, we find Au~(x) < Ua{x), 
Vx G 17^2/4. 
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Since linifi^o ^ (^)/^('^) = Coi by using (Ai) and Lemma 14.171 [(ii). (iii)], we can easily obtain 
limd\o k'^id)fiX'^u^{x))/u'{x) = oo. So, there exists 6 G (0,(52/4) such that 

k'^{d)[l + {c + e)d'^]f{X^u-)/u- > X^\a\, Vx G 17 with < d < 5. (4.65) 

By Lemma 14.171 [fi) and (v)], we deduce that u~{x) decreases with d when d G (0, 6) (if necessary, 
^ > is diminished). Choose (5* G (0, 6), close enough to 6, such that 

h{6,)il + XeSf)/[hC6){l + Xen] < 1 + A. (4.66) 

For each fi G (0, 5 — S^), we define Zf^{x) = u^{d + a, s) — (1 — A)u~(5=k, s). We prove that Za- is a 
sub-solution of Aw + au = b{x)f{u) in rj^,^. Using ()4.66() . Z(j{x) > u^{6, s) — {1 — A)m~(5*, s) > 
Vx = (d, s) G 0^^. By ()4.63|) and Step 1, Zg- is a sub-solution of Au -|- an = b{x)f{u) in 17^^ if 

fe2(d + cj)[l + (c + e)(d + af] [fiu-{d + a, s)) - /{z^id, s))] > a(l - X)u-{5,,s), (4.67) 

for all {d,s) G ^Is,- Applying the Lagrange mean value theorem and (Ai), we infer that (|4.67j) 
is a consequence of k'^{d -|- a) [1 -|- (c -|- e){d + a)^] f{za-{d, s))/za{d, s) > \a\, V(ci, s) G Qs*- This 
inequality holds by virtue of (|4.65|) . ()4.66|) and the decreasing character of u~ with d. 

On the other hand, Zf^{5^, s) < Xu~{5^, s) < Ua{x), Vx = {5^, s) G 17. Clearly, limsup^_^o(-2^cr — 
Ua){x) = — oo and 6 > in Qg^. Thus, by the maximum principle, z^ < Ua in ll^^, Va G (0, 5 — 5*). 
Letting cr ^ 0, we conclude the assertion of Step 3. 

By Steps 2 and 3, xt > {-l + Ua{x)/[^oh{d)]}d-^ - M+ /[Cod^h{d)] Vx G 17 with d G (0,5+) 
and xr < {-I + Ua{x)/[^oh{d)]}d^'^ + M' /[^od'^hid)] Vx G 17 with d G (0,5"). Passing to the 
limit as d ^ and using Lemma [4. 171 fvi). we obtain x^ ^ liminfrf^o{— 1 + Ua{x) / [^oh{d)]}d~^ 
and limsup^^o{~l + Ua{x) / [^oh{d)]}d~^ < xf- Letting e ^ 0, we conclude our proof. □ 

5 Entire solutions blowing up at infinity of semilinear elliptic 
systems 

In this section we are concerned with the existence of solutions that blow up at infinity for a class 
of semilinear elliptic systems defined on the whole space. 
Consider the following semilinear elliptic system 

{Am = p(x)q(v) in M.^ , 
(5.68) 
Av = q{x)f{u) in M^, 

where iV > 3 and p, g G C|;'°(M^) (0 < a < 1) are non- negative and radially symmetric functions. 
Throughout this paper we assume that /, G C|^'^[0, oo) (0 < /3 < 1) are positive and non- 
decreasing on (0,oo). 
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We are concerned here with the existence of positive entire large solutions of (|5.68|) . that is 
positive classical solutions which satisfy u{x) oo and v{x) — > oo as |x| oo. Set = (0, cxo) 
and define 

g = {{a,b) e M+ X M+; (3) an entire radial solution of (|08|) so that {u{0),v{0)) = (a, 6)}. 

The case of pure powers in the non-linearities was treated by Lair and Shaker in (^3]- They 
proved that ^ = M+ x M+ if f{t) = and g{t) = for t > with < 7, 6* < 1. Moreover, they 
established that all positive entire radial solutions of (|5.(i8j) are large provided that 



POO /»oo 

/ tp{t) dt = 00, / tq{t) dt = 00. 
Jo Jo 



(5.69) 



If, in turn 



poo poo 

/ tp{t)dt< 00, / tq{t)dt< 00 (5.70) 
Jo Jo 

then all positive entire radial solutions of 1)5. 68() are bounded. 

In what follows we generalize the above results to a larger class of systems. Theorems 15. II and 
15.41 are due to Cirstea and Radulescu [2^1 • 

Theorem 5.1. Assume that 

lim 9{cf{t)) ^ p 

t^oo t 

Then Q = x . Moreover, the following hold: 

(i) If p and q satisfy i5.6y\) . then all positive entire radial solutions of i5.58\) are large. 

(a) If p and q satisfy jS. 70| ), then all positive entire radial solutions of Ii5.6^) are bounded. 
Furthermore, if f, g are locally Lipschitz continuous on (0, 00) and {u, v), (tt, v) denote two positive 
entire radial solutions of \5.6^) . then there exists a positive constant C such that for all r G [0, cxd) 

max {|n(r) — n(r)|, \v{r) — 5(r)|} < C max {|n(0) — n(0)|, |f (0) — ^(0)1}. 

Proof. We start with the following auxiliary results. 

Lemma 5.2. Condition \5. 69\) holds if and only ifliuir^oo A.{r) = lim^-^oo B{r) = 00 where 

A{r) = f t^-^ f s^-^p{s) ds dt, B{r) = f t^~^ f s^-^q{s) ds dt, Vr > 0. 
Jo Jo Jo Jo 

Proof. Indeed, for any r > 
1 



Air) - ^ 
On the other hand, 



tpit) dt-^l^ t^-Mt) dt < 1^ tp{t) dt. (5.72) 



r 1 /"^ 

4.N-l„u\ — I ,N-2 



tp{t) dt - / f'-'pit) dt = I [r'^-' - t'^-') tpit) dt 

r ./n r 



> 



r\ N~2 



tpit) dt. 
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This combined with (|5.72jl yields 

1 r 1 

/ tp(t) dt > A(r) > 

Our conclusion follows now by letting r ^ oo. 



N~2 



tp{t) dt. 



□ 



Lemma 5.3. Assume that condition \5. 7(J{ ) holds. Let f and g be locally Lipschitz continuous 
functions on {0,oo). If {u,v) and {u,v) denote two hounded positive entire radial solutions of 
\5. 6<^) . then there exists a positive constant C such that for all r € [0, oo) 

max {|u(r) — n(r)|, \v{r) — v{r)W < C max {|n(0) — n(0)|, |f (0) — ^(0)1}. 



Proof. We first see that radial solutions of (|5.68|) are solutions of the ordinary differential 
equations system 



N - I 

u"{r) H u'ir) = p(r) g(v(r)), r > 

r 

v"{r) H v'{r) = q{r) f{u{r)), r > 0. 



(5.73) 



Define K = max{|n(0) — n(0)|, \v{0) — v{0)\}. Integrating the first equation of (|5.7Hj) . we get 



u{r) — u{r) = r^ 



i~N I N-l 



p{s){g{v{s)) - g{v{s)))ds. 



Hence 



\u{r) - n(r)| < K + t 



i-N / „N-1 



p{s)\g{v{,s)) - g{v{s))\dsdt. 



(5.74) 



Since {u, v) and (tt, v) are bounded entire radial solutions of (|5.68|1 we have 



\g{v{r)) — g{v{r))\ < m\v{r) — v{r)\ for any r G [0, oo) 
|/(n(r)) — /(tt(r))| < m\u{r) — ii{r)\ for any r G [0, oo), 

where m denotes a Lipschitz constant for both functions / and g. Therefore, using (|5.74|) we find 



n r 



u{r)\<K + m Ft^'^ r^^-i 
Jo Jo 



p{s)\v{s) — v{s)\ ds dt. 



Arguing as above, but now with the second equation of 1)5. 73() . we obtain 

/•r j-t 

v{r)\<K + m t^-^ s^-\{,s)\u{s) -u{s)\dsdt. 
Jo Jo 



\v[r) 



(5.75) 



(5.76) 



Define 



X{r)=K + m r t^-^ f s^-^p{s)\ 
Jo Jo 



Y{r) = K + m V 
'o 



1~N / N-l, 



v{s) — v{s) \ ds dt. 



{s)\u{s) — u{s)\ ds dt. 
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It is clear that X and Y are non-decreasing functions with X(0) = y(0) = K. By a simple 
calculation together with (|5.75|) and (|5.7(i|) we obtain 



(5.77) 



(r^ ^ X')' {r) = mr^ ^p{r)\v{r) — v{r)\ < mr^ ^p(r)Y{r) 
(r^~^Y')' {r) = mr^ ~^ q{r)\u{r) — u(r)\ < mr^^^q(r)X(r). 

Since Y is non-decreasing, we have 

77? Z*^ 

X{r) < K + mY{r)A{r) < K + Y{r) tp{t) dt < K + mCpY (r) (5.78) 

N — 2 Jq 

where Cp = {1/{N - 2)) tp{t) dt. Using in the second inequahty of KTi\ we find 

{r^^^Y')'{r) < mr^-^q{r){K + mCpY{r)). 
Integrating twice this inequality from to r, we obtain 

y(r) < Kil + mCg) + j^Cp tq{t)Y{t) dt, 
where Cg = (1/(A^ — 2)) tq{t) dt. From Gronwall's inequality, we deduce 
Y{r) < K{1 + mCg)e^^^^oii(t)<i^ < K{1 + mC7g)e™'^f^« 



and similarly for X. The conclusion follows now from the above inequality, (|5.75|) and (|5.76j) . □ 

Proof of Theorem tsl completed. Since the radial solutions of (|5.68|) are solutions of the 
ordinary differential equations system (|5.7,''{|) it follows that the radial solutions of (|5.(i8)l with 
u{0) = a > 0, t;(0) = 6 > satisfy 



ft 

u{r)=a+ I t^-^ I s^-^p{s)g{v{s))dsdt, r > 0. (5.79) 
Jo Jo 



v{r)=h+ t'-'^ s'^-'q{s) f{u{s))dsdt, r > 0. (5.80) 
Jo Jo 

Define VQ{r) = b for all r > 0. Let (ufc)fc>i and {vk)k>i be two sequences of functions given by 

Uk{r) = a+ t^-^ s^-^p{s)g{vk-i{s))dsdt, r > 0. 
Jo Jo 

,1~N / „N-1. 



Vk{r)=b+ t'-'' s''-'q{s)f{uk{s))dsdt, r > 0. 
Jo Jo 

Since vi{r) > b, we find U2{r) > ui{r) for all r > 0. This implies V2ir) > vi{r) which further 
produces U3(r) > U2{r) for all r > 0. Proceeding at the same manner we conclude that 

'"fc(^) < 'Ufc+i(^) and Vk{r) < Vk+i{r), Vr > and k > 1. 
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We now prove that the non-decreasing sequences {uk{r))k>i and {vk{r))k>i are bounded from 
above on bounded sets. Indeed, we have 

Mr) < Uk+i{r) <a + g{vk{r))A{r), Vr > (5.81) 

and 

Vk{r)<b + fiuk{r))B{r), Vr > 0. (5.82) 
Let R> be arbitrary. By (jHl?T|) and (f^l^ we find 

UkiR) <a + g{h + f {uk{R)) B{R)) A{R), VA; > 1 

or, equivalently, 

a , g{h + f{uk{R))B{R)) 

1<— — H — A{R), yk>l. (5.83) 

Uk{R) Uk{R) 

By the monotonicity of {uk{R))k>i, there exists limk-^ooUkiR) '■= L{R). We claim that L{R) 
is finite. Assume the contrary. Then, by taking /c ^ cx) in (|5.83|) and using 1)5.71(1 we obtain a 
contradiction. Since u'f,{r), w^(r) > we get that the map (0,oo) 9 i? — > L{R) is non-decreasing 
on (0, oo) and 

Mr) < MR) < L{R), Vr G [0,i?], VA; > 1. (5.84) 



Vk[r) <b + f {L{R)) B{R), Vr e [0, R], VA; > 1. (5.85) 

It follows that there exists lim/j^oo -^^(-R) = L £ {0,oo] and the sequences {uk{r))k>i, {vk{r))k>i 
are bounded above on bounded sets. Therefore, we can define u{r) := liuik^ooUkir) and v{r) := 
liuik^ooi^kir) for all r > 0. By standard elliptic regularity theory we obtain that {u,v) is a 
positive entire solution of ()5.68|) with n(0) = a and t'(O) = b. 

We now assume that, in addition, condition ()5.7fl() is fulfilled. According to Lemma 15.21 we 
have that limr^oo ^(r) = ^ < oo and Muir^oo B{r) = B < oo. Passing to the limit as A; ^ oo in 
we find 

. < ^ , 9ib + f{L{R))B{R)) < ^ , g{b + f{L{R))B) 

- L{R) L{R) ^ ' - L{R) L{R) 

Letting R —* oo and using (|5.71jl we deduce L < oo. Thus, taking into account ()5.84|1 and ()5.85jl . 
we obtain 

Mr) < L and Wfc(r) <b + f(L)B, Vr > 0, VA; > 1. 

So, we have found upper bounds for {uk{r))k>i and {vk{r))k>i which are independent of r. Thus, 
the solution (u, v) is bounded from above. This shows that any solution of (|5.79j) and (|5.80|) will 
be bounded from above provided H5.7U() holds. Thus, we can apply Lemma 15.31 to achieve the 
second assertion of ii). 
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Let us now drop the condition (|5.70j) and assume that (|5.69|) is fulfihed. In this case, Lemma 
I5.2l tells us that Um^-^oo A{r) = Hmr_»oo B{r) = oo. Let {u, v) be an entire positive radial solution 
of (iniEHI)- Using (|^?7^ and we obtain 

u{r) > a + g{b) A{r), Vr > 0. 

v{r) >b + f{a)B{r), Vr > 0. 

Taking r — s- oo we get that (u, v) is an entire large solution. This concludes the proof of Theo- 
rem n 

If / and g satisfy the stronger regularity f,g^ C^[0, oo), then we drop the assumption (|5.71j) 
and require, in turn, 

(Hi) /(O) =5(0) =0, liminf™^^ =:^>0 
and the Keller-Osserman condition 



f°° dt /■* 
(H2) r—^ < 00, where G{t) = g{s)ds. 



VW) 

Observe that assumptions (Hi) and (H2) imply that / satisfies condition (H2), too. 

Set T] = min {p, q}. 

Our main result in this case is 

Theorem 5.4. Let f,g € C"'^[0,oo) satisfy (Hi) and (H2). Assume that J 5. 70^ holds, t] is not 
identically zero at infinity and v := max {p(0), g(0)} > 0. 

Then any entire radial solution {u,v) of 115. f)H\) with (ti(0),u(0)) € F{Q) is large. 

Proof. Under the assumptions of Theorem 15.41 we prove the following auxiliary results. 

Lemma 5.5. Q 

Proof. Cf. Cirstea and Radulescu ^], the problem 

AV^ = (p + g)(x)(/ + 5)(^) inM^, 
has a positive radial entire large solution. Since V' is radial, we have 

V^(r)=V'(0)+ r t^-^ t s^-\p + q){s){f +g){ij{s))dsdt, Vr > 0. 



We claim that (0,V'(0)] x (0,^/^(0)] C Q. To prove this, fix < a, 6 < ^(0) and let v^ir) = b for 
all r > 0. Define the sequences {uk)k>i and {vk)k>i by 



Uk{r)=a+ I t^-^ I s^-^p{s)g{vk^i{s))dsdt, VrG[0,oo), V/c > 1, (5.86) 
'0 Jo 

+ t^-^ s^-^q{s)f{uk{s))dsdt, VrG[0,oo), VA: > 1. (5.87) 
Jo Jo 



Vk[r) 
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We first see that vq < vi which produces ui < U2- Consequently, vi < V2 which further yields 
U2 < u^- With the same arguments, we obtain that [uk) and {vk) are non-decreasing sequences. 
Since il:'{r) > and b = vq < ip{0) < ip{r) for all r > we find 



Jo Jo 



p{s)g{4;{s)) ds dt 



< V^(O) + / t^-^ / * s^'-'ip + q){s){f + g){iP{s)) ds dt = V'(r). 
Jo Jo 



Thus ui < ip. It follows that 



vi{r) <b+ f t^-^ [ "^-1 
Jo Jo 



qis)fi^l^{s))dsdt 



<m+ f t^'"" f s''-\p + q){s){f + g){ij{s))dsdt=ij{r). 
Jo Jo 

Similar arguments show that 

Ukir) < ij){r) and ffc(r) < -(/^(r) Vr G [0,oo), Mk > 1. 

Thus, (uk) and (vk) converge and {u,v) = limk^oo{uk,Vk) is an entire radial solution of (|5.68j) 
such that (m(0),u(0)) = (a, 6). This completes the proof. □ 
An easy consequence of the above result is 

Corollary 5.6. // (a, 6) e G, then (0,a] x {0,b] C g. 

Proof. Indeed, the process used before can be repeated by taking 

Uk{r) = ao+ t^'^ s'^~^p{s)g{vk^i{s))dsdt, VrG[0,oo), V/c > 1, 
Jo Jo 

ft 



Vk{r)=bo+ t'-'' s''-'q{s)f{uk{s))dsdt, Vre[0,oo), VA: > 1, 
Jo Jo 

where < ao < a, < 6o < ^ and VQ{r) = bo for all r > 0. 

Letting ([/, V) be the entire radial solution of (|5.68|1 with central values (a, b) we obtain as in 
Lemma 15.51 

Uk{r) < Uk+i{r) < U{r), Vr G [0, oo), VA: > 1, 

Vk{r) < Vk+i{r) < V{r), Vr G [0, oo), VA; > 1. 

Set {u,v) = limfc^oo(^A;) ■Wfe)- We see that u <U, v <V on [0,oo) and {u,v) is an entire radial 
solution of (|5.68|) with central values (ao,6o). This shows that (ao,6o) S so that our assertion 
is proved. □ 

Lemma 5.7. Q is bounded. 
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Proof. Set < A < min {a, 1} and let 5 = 5{X) be large enough so that 



f{t) > Xg{t), Vt > 6. (5.88) 

Since t] is radially symmetric and not identically zero at infinity, we can assume 77 > on dB{0, R) 
for some R > 0. Let ^ be a positive large solution of the problem 

AC = Xv{x)g(^] mB{0,R). 



Arguing by contradiction, we assume that Q is not bounded. Then, there exists (a, b) £ Q 
such that a + b > max {2(^, ("(0)}. Let {u,v) be the entire radial solution of 1)5. 68(1 such that 
{u{0),v{0)) = {a, b). Since u{x) + v{x) > a + 6 > 25 for ah x € M^, by (OHl) . we find 

„/ . „fu(x)+v(x)\ , fu(x)+v(x)\ „ , . 

f{u{x)) > f > Xg if u{x) > V{X) 

and 

giv[x)) > g > ^5 ^ if v{x) > u{x). 



u + v \ . 



It follows that 

A(n + v) = p{x)g{v) + q{x)f{u) > r]{x){g{v) + f{u)) > Xr]{x)g ( ^ ) in 



On the other hand, C{x) — > cxd as |x \ ^ R and u,v e C'^{B{0,R)). Thus, by the maximum 
principle, we conclude that u + v < C in B{0,R). But this is impossible since u{0) + v{0) = 
a + 6>C(0). □ 

Lemma 5.8. F{g) C Q. 

Proof. Let (a, 6) G We claim that (a — l/no,6 — l/^o) ^ ^ provided no > 1 is large 

enough so that min {a, 6} > I/uq. Indeed, if this is not true, by Corollarv 15.61 



D :-- 



1 

a , 00 

no 



6 - — ,00 ) C (R+ X M+) \ 
no 



So, we can find a small ball B centered in (a, 6) such that B CC D, i.e., B n Q = ^. But this 
will contradict the choice of {a,b). Consequently, there exists (n„Q,f„o) an entire radial solution 
of (|5.68|) such that (n„o (0), (0)) = (a — l/no,& — 1/no). Thus, for any n > no, we can define 

n Jo 



uJr)=a--+[ t^~^ f s^~^p(s)g(vJs))dsdt, r > 0, 
n Jo Jo 



1 



n 



Vn{r) =b--+ I t^-^ / * s^-ig(s)/K(s)) ds dt, r > 0. 







Using Corollarv 15. HI once more, we conclude that {un)n>no and {vn)n>no are non-decreasing se- 
quences. We now prove that (n„) and {vn) converge on M^. To this aim, let xo ^ be arbitrary. 
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But 7] is not identically zero at infinity so that, for some Rq > 0, we have r/ > on dB(0, Rq) and 
xoeB{0,Ro). 

Since a = liminfu^oo > 0, we find r G (0, 1) such that 

f{t)>Tg{t), Vt>" + ^ ^ 



2 no 

Therefore, on the set where Un > Vn, we have 

f{Un) > / I ^ 1 > TS- 

Similarly, on the set where u„ < Wn, we have 

g{vn) > g — - — > rg 



It follows that, for any x G 

On the other hand, there exists a positive large solution of 

AC = rr?(x)5 (^0 inS(0,i?o). 

The maximum principle yields Un+Vn < C iii -^(0, Rq). So, it makes sense to define {u{xq)^v{xq)) = 
\i'mn^co{un{xQ),Vn{xo)). Since xq is arbitrary, the functions u, v exist on M.^ . Hence {u,v) is an 
entire radial solution of (|5.()<S|) with central values (a, 6), i.e., (a, 6) ^Q. □ 

For (c, d) G (M+ X M+) \ g, define 

-Rc,d = sup {r > I there exists a radial solution of (|5.68|1 in .6(0, r) so that (n(0), t;(0)) = (c, d)}. 

(5.89) 

Lemma 5.9. //, in addition, u = max {p(0), g(0)} > 0, then < R^^d < oo where R^^d is defined 
by lO^) . 

Proof. Since > and p,q & C[0,oo), there exists e > such that {p + q){r) > for all 
< r < e. Let < i? < e be arbitrary. There exists a positive radial large solution of the 
problem 

/^^PR = {p + q){x)if+g){iPR) in 5(0, i?). 
Moreover, for any < r < R, 

V'H(r) = Vij(O) + rt'-"" [\''-Hp + q){s){f + 9){i^R{s))dsdt. 
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It is clear that ip'ji{r) > 0. Thus, we find 

i^'nir) = r'-"" r s^'-'ip + q)is){f + ds < C{f + g)[i>R{r)) 



where C > is a positive constant such that ^^{p + q){s) ds < C. 

Since f + g satisfies (Ai) and (A2), we may invoke Remark ^ in Section 2 to conclude that 



dt 

< 00. 



if + gm 



Therefore, we obtain 

/-^ ds _ iP'^jr) for anv < r < i? 

dr y,,M (/ + 9){s) - (/ + 9)mr)) " ^ for any < r < R. 

Integrating from to i? and recalling that ipR^r) 00 as r y R, we obtain 

< CR. 



V.fl(0) if + 9){s) 
Letting i? \ we conclude that 

ds 



lim 



R\oJi,nio) if + 9){s) 

This implies that iPr{0) 00 as R \ 0. So, there exists < R < e such that < c, d < 'ipj^{0). 
Set 

/•r ft 

Uk{r) = c+ t^-^ s'^-^p{s)9{vk-i{s))dsdt, Vr G [0, 00), VA; > 1, (5.90) 



r 



Vk{r) = d+ t'-'^ s'^-'qis)f{ukis))dsdt, Vr € [0, 00), VA; > 1, (5.91) 
Jo Jo 

where VQ{r) = d for all r € [0, cxo). As in Lemma 15.51 we find that (uk) resp., {v^) are non- 
decreasing and 

Uk{r) < il^ffir) and Vk{r) < 'ipj^{r), Vr G [0,R), VA; > 1. 

Thus, for any r G [0,R), there exists (n(r),f(r)) = limk^oo{uk{r),Vk{r)) which is, moreover, a 
radial solution of ()5.68() in -6(0, R) such that (n(0), w(0)) = (c, d). This shows that i?c,d > R > 0. 
By the definition of i?c,d we also derive 

lim n(r) = 00 and lim v{r) = 00. (5.92) 

r/Rc.d r/R^^a 

On the other hand, since (c, d) G, we conclude that is finite. □ 

Proof of Theorem \5.4\ completed. Let (a, b) € F{G) be arbitrary. By Lemma l5.8( (a, 6) G so 
that we can define {U, V) an entire radial solution of ()5.68|1 with (C/(0), V{0)) = (a, b). Obviously, 
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for any n > 1, (a + 1/n, 6 + 1/n) G (IR+ x M+) \ Q. By LemmaEHl ^a+i/n,b+i/n (iii short, i?„) 
defined by (|5.89|) is a positive number. Let {Un,Vn) be the radial solution of (|5.68|) in B{0,Rn) 
with the central values (a + 1/n, 5 + 1/n). Thus, 

Un{r) = a + -+ [ t^-^ [ s^-'p{s)g{Vn{s))dsdt, Vre[0,ii„), (5.93) 
n Jo Jo 

Vn{r) = b+-+ r t^-^ r s'^"''?(s)/(C/„(s)) ds dt, Mr G [0, (5.94) 
In view of ()5.92p we have 

lim Ur,(r) = oo and lim Vr,(r) = oo, Vn > 1. 

We claim that {Rn)n>i is a non-decreasing sequence. Indeed, if (uk), (vk) denote the sequences 
of functions defined by (|5.9flj) and (|5.91jl with c = o + l/(n + l) and d = 6 + l/(n + 1), then 

Uk{r) < Uk+i{r) < Un{r), Vk{r) < Vk+i{r) < K(r), Vr G [0, Rn), Mk > 1. (5.95) 

This implies that {uk{r))k>i and {vk{r))k>i converge for any r G [0, i?„). Moreover, {Un+i, Vn+i) = 
limfc^oo(nfc, Wfe) is a radial solution of ()5.68() in B{0,Rn) with central values (a + l/(n + 1),6 + 
l/(n + 1)). By the definition of Rn+i, it follows that Rn+i > Rn for any n > 1. 

Set R := lim„_>oo Rn and let < r < be arbitrary. Then, there exists ni = ni(r) such that 
r < Rn for all n > ni. From 1)5. 95(1 we see that Un+i < Un (resp., Ki+i < Vn) on [0, -R„) for all 
n > 1. So, there exists lim„^oo(fAi('')> ^ra(^)) which, by (|5.93j) and (|5.94j) . is a radial solution of 
H5.68() in B{0,R) with central values (a, 6). Consequently, 

lim Un{r) = U{r) and lim Vn{r) = V{r) for any r G [0,i?). (5.96) 

n— »oo n^oo 

Since U^ir) > 0, from (|5.94j) we find 

Vn{r) <b+-+ f{Un{r)) / t^^^ / s^'-'qis) ds dt. 
n Jo Jo 

This yields 

Vn{r) < CiUn{r) + C2/(f/„(r)) (5.97) 
where Ci is an upper bound of (1^(0) + l/n)/(?7(0) + 1/n) and 

f'OO f't -I f'OO 

C2= t^-^ s^-\is)dsdt < — — -/ sq{s)ds <oo. 
Jo Jo ^ — 2 Jo 

Define h{t) = g{Cit-^C2f{t)) for t > 0. It is easy to check that h satisfies (Ai) and (A2). Define 

/■°° dt 

V{s) = I -—, for all s > 0. 

h{t) 
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But Un verifies 

^Un=p{x)g{Vn) 

which combined with H5.97|) impUes 

^Un<p{x)h{Un). 

A simple calculation shows that 



Ar(C/„) = r'(C/„)A[/„ + T"(Un)\VUn\^ = TJ^^Un + rw^d l^^"!' 

h{Un) [h[Un)r 

which we rewrite as 

r^-^— r(f7„) j > -r^'^p{r) for any < r < 

Fix < r < R. Then r < Rn for all n > ni provided ni is large enough. Integrating the above 
inequality over [0,r], we get 



d_ 

dr 



Jo 



Integrating this new inequality over [r, Rn] we obtain 



t^-^ J s^-^p{s)dsdt, Vn>ni, 
since Un{r) — > oo as r /" R^ implies r(f7„(r)) ^ as r /" Therefore, 

/Rn ft 
^i-N J gN-ip^^^^^^^^ Vn>ni. 

Letting n — > oo and using (|5.96|1 we find 

r(C/(r))< r t^-^ f s^-^p{s)dsdt, 

Jr Jo 

or, equivalently 

C/(r) > (^^"^ ti-^ ^* ds dt^ . 

Passing to the limit as r ^ i? and using the fact that lim^^o r^^(s) = oo we deduce 

lim U(r) > lim T"^ ( I t^-^ I s^'^pis) ds dt] = oo. 

r/R r/R \J ^ Jq J 
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But {U, V) is an entire solution so that we conclude R = oo and linir^oo U (r) = oo. Since (|5.7n|) 
holds and y(r) > we find 



oo ft 

1-N / „Af-l„ 



U{r) <a + g{V{r)) / t'^'' / s'' -'p{s) ds dt 
Jo Jo 
1 f°° 

<a + g{V{r))j^ tp{t) dt, Vr > 0. 

We deduce limj,^oo V{r) = oo, otherwise we obtain that linir^oo U{r) is finite, a contradiction. 
Consequently, {U, V) is an entire large solution of (|5.68|) . This concludes our proof. □ 

6 Bifurcation problems for singular Lane-Emden-Fowler equa- 
tions 

In this section we study the bifurcation problem 

— Au = Xf{u) + a{x)g{u) in fi, 

u > mO., (Pa) 

= on 

where A € K is a parameter and J7 C {N > 2) is a bounded domain with smooth boundary dVl. 
The main feature of this boundary value problem is the presence of the "smooth" nonlinearity / 
combined with the "singular" nonlinearity g. More exactly, we assume that < / E C^"'^[0, oo) 
and < 5 G C°'^(0, oo) (0 < /3 < 1) fulfill the hypotheses 

(/I) /is nondecr easing on (0, oo) while f{s)/s is nonincreasing for s > 0; 

(gl) g is nonincreasing on (0, oo) with lims^o5('S) = +oo; 

{g2) there exists Co,?7o > and a £ (0, 1) so that g{s) < Cos~°, Vs G (0, ryo). 

The assumption {g2) implies the following Keller-Osserman-type growth condition around the 
origin 

lo (i) ^^^'*^^) ^ ^^'^^^ 

As proved by Benilan, Brezis and Crandall in condition 1)6. 98(1 is equivalent to the property 
of compact support, that is, for any h € L^(M'^) with compact support, there exists a unique 
u € W^'^{M^) with compact support such that An G L^^K^) and 



-Am + g(u) = h a.e. in 



In many papers (see, e.g., Dalmasso (HHI) Kusano and Swanson jEll) the potential a{x) is as- 
sumed to depend "almost" radially on x, in the sense that Cip(|a;|) < a{x) < C2p{\x\), where Ci, 
C2 are positive constants and p(|x|) is a positive function satisfying some integrability condition. 
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We do not impose any growth assumption on a, but we suppose throughout this paper that the 
variable potential a{x) satisfies a € C^'^{Q) and a > in 17. 

If A = this equation is called the Lane-Emden-Fowler equation and arises in the boundary- 
layer theory of viscous fluids (see Wong [HS])- Problems of this type, as well as the associated evo- 
lution equations, describe naturally certain physical phenomena. For example, super-difFusivity 
equations of this type have been proposed by de Gennes [HZj as a model for long range Van der 
Waals interactions in thin films spreading on solid surfaces. 

Our purpose is to study the effect of the asymptotically linear perturbation f{u) in (-Pa); ^ 
well as to describe the set of values of the positive parameter A such that problem {P\) admits a 
solution. In this case, we also prove a uniqueness result. Due to the singular character of (-Pa); 
we can not expect to find solutions in C'^{Q). However, under the above assumptions we will 
show that (Pa) has solutions in the class 

£ :={ue c\n) n c^^^-'^m; Au G L^{n)}. 

We first observe that, in view of the assumption (/I), there exists 

m := lim '^^ ^ € [0, oo). 

s^oo s 

This number plays a crucial role in our analysis. More precisely, the existence of the solutions to 

(Pa) will be separately discussed for m > and m = 0. Let a* = mina(x). 

xefi 

Theorems 16. itiH^ have been established by Cirstea, Ghergu, and Radulescu |23]- 

Theorem 6.1. Assume (/I), (gl), (^2) and m = 0. If a^^ > (resp., a^, = Oj, then (Pa) has a 
unique solution ua € f for a// A € M (resp., A > with the properties: 

(i) Ma is strictly increasing with respect to A. 

(ii) there exist two positive constant ci,C2 > depending on A such that cid{x) < ux < C2d{x) 
in n. 

The bifurcation diagram in the "sublinear" case m = is depicted in Figure ^ 
Proof. We first recall some auxiliary results that we need in the proof. 

Lemma 6.2. (Shi and Yao jHS])- Let P : 17 x (0, oo) — > M 6e a Holder continuous function with 
exponent (3 G (0, 1) on each compact subset of Q x (0, oo) which satisfies 

(Fl) limsupg^^^ [s^^ m&x^^-^F{x,s)) < Xi; 

(F2) for each t > 0, there exists a constant D{t) > such that 

F{x, r) — F{x, s) > —D{t){r — s), for x € 17 and r > s > t; 
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Figure 1: The "sublinear" case m = 0. 



(F3) there exists r/o > and an open subset C ^ such that 



and 



minF(x,s) > for s € (0,?7o), 



F(x, s) 

lim — = +CXD uniformly for x £ Qq. 

s\o s 



Then for any nonnegative function (pQ G C'^'^{dQ), the problem 

— An = F{x, u) in fi, 
u > in , 

u = (pQ on d^l, 

has at least one positive solution u € C'^'^{G) H C{Q), for any compact set G C U {x S 
dQ; Mx) > 0}. 



Lemma 6.3. (Shi and Yao "86^). Let F : n x {0, oo) 



be a continuous function such that the 



F(x, s) 

mapping (0, cxd) 3 s i — > ^ — is strictly decreasing at each x £ Cl. Assume that there exists v, 

_ s 

w G C'^{n) n C{n) such that 

(a) Aw + F{x, w) <0< Av + F{x, v) in 

(b) v,w > in ^} and v < w on dO,; 

(c) Av G L\n). 
Then v < w in ^l. 
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Now, we are ready to give the proof of Theorem 16 .11 This wih be divided into four steps. 

Step 1. Existence of solutions to problem (-Pa)- 
For any A S M, define the function 



<^x{x, s) = A/(s) + a{x)g{s), (x, s) e U x (0, oo). 



(6.99) 



Taking into account the assumptions of Theorem 16.11 it follows that ^\ verifies the hypotheses 
of Lemma 16.21 for A G M if a,f > and A > if a.^ = 0. Hence, for A in the above range, {Px) has 
at least one solution ux € C'^'^{Q) n C{Q). 

Step 2. Uniqueness of solution. 

Fix A G M (resp., A > 0) if a,,, > (resp., a* = 0). Let ux be a solution of (Px)- Denote 
A" = min{0,A} and A+ = max{0,A}. We claim that Aux £ L^{n). Since a E C°'^(H), by ^ 
Theorem 6.14], there exists a unique nonneg ative solution ( e C^^f^in) of 

{— = a(x) in $7, 
C = ondn. 

By the weak maximum principle (see e.g., |551 Theorem 2.2]), ^ > in 0. Moreover, we are going 
to prove that 

(a) z{x) := cC{x) is a sub-solution of (-Pa)) for c > small enough; 

(b) z{x) > Cid{x) in 0,, for some positive constant ci > 0; 

(c) ua > in 0,. 

Therefore, by (b) and (c), ma > cid{x) in ft. Using (^2), we obtain g{ux) < Cd~°^{x) in $7, 
where C > is a constant. So, g{ux) G L^(r2). This implies 

AuA e L^{n). 

Proof of (a). Using (/I) and (5I), we have 

Az{x) + ^x{x, z) = -ca{x) + A/(cC) + a{x)g{cC) 



> -ca{x) + A /(cllClloo) + a(x)5((c||C||oo) 



> ca(x) 



g(c||CI|oo) 

2c 



1 



+ /(c|| 



g(c||Clloo) 

'2/(c||C||oo) 



+ A- 



for each x G 17. Since A < corresponds to a* > 0, using limt\o5(0 = +°*^ li™i^o/(0 ^ 
(0, 00), we can find c > small such that 

Az + ^x{x,z) > 0, Vx G n. 



This concludes (a). 
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Proof of (b). Since ^ G C^'^(r2), C > in 17 and C = on dQ, by Lemma 3.4 in Gilbarg and 
Trudinger [SSI, we have 

^(y)<0, vyeaa 

Therefore, there exists a positive constant cq such that 

— (y) := hm — ■ ■ — < -cq, Vy G 917. 

ov xen,x^y \x — y\ 

So, for each y E 0, there exists ry > such that 

^^""^ yxeBr^nn. (6.100) 



|x — y| 2 

Using the compactness of d^l, we can find a finite number k of balls Bry.{yi) such that 917 C 
U^^iBryXyi). Moreover, we can assume that for small do > 0, 



{x G 17 : d{x) < do} C lJf=iBry^ (yi). 

Therefore, by (|6.100|) we obtain 

Ci^) > ^ d{x), Vx G 17 with d(x) < do. 

This fact, combined with > in 17, shows that for some constant c > 

C{x)>cd{x), Vx€l7. 

Thus, (b) follows by the definition of z. 
Proof of (c). We distinguish two cases: 

Case 1. A > 0. We see that verifies the hypotheses in Lemma 16.31 Since 

Aux + ^x{x, ux) < < Az + <I>a(x, z) in 17, 
ux, z > in 17, 
Ux = z on 917, 
Az G L^(17), 

by Lemma 16.31 it follows that ux> z in 17. 

Now, if ui and U2 are two solutions of (Px), we can use Lemma lOl in order to deduce that 

Ul = U2. 

Case 2. A < (corresponding to a^, > 0). Let e > be fixed. We prove that 

z < ux + e{l + \x\^y in 17, (6.101) 

where r < is chosen such that t|x|^ + 1 > 0, Vx G 17. This is always possible since 17 C 
{N > 2) is bounded. 
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We argue by contradiction. Suppose that there exists a;o ^ such that ua(xo) + e(l + |xo|)^ < 
z{xq). Then mi-a.^^^{u\{x) + e(l + \x\^Y — z{x)} < is achieved at some point xi G il. Since 
^\{x,z) is nonincreasing in z, we have 

> -^[ux{x) - z{x) + e{l + 
= ^>a(xi, ua(xi)) - ^x{xi,z{xi)) - eA[(l + \x\^Y]\^=^^ 

> -eA[(l + |xi2)-]|,=,^ = -2eT{l + |xi|2)-2[(Ar + 2r - 2)|xi|2 + AT] 

> -4er(l + |xip)^-2(r|2;ip + 1) > 0. 

This contradiction proves H6.101|) . Passing to the hmit e ^ 0, we obtain (c). 
In a similar way we can prove that {P\) has a unique solution. 
Step 3. Dependence on A. 

We fix Ai < A2, where Ai, A2 € M if a* > resp., Ai, A2 € [0, 00) if a* = 0. Let u\^, be 
the corresponding solutions of ) and (P\2 ) respectively. 

If Ai > 0, then <I>Ai verifies the hypotheses in Lemma 16.31 Furthermore, we have 

AuA2 + $Ai {x, nA2 ) < < AuAi + ^Ai {x, ux, ) in n, 
ux^,ux2 > in r^, 
^^Ai = UX2 on dQ, 
Aux, G L\n). 

Again by Lemma IQ} we conclude that ux^ < UA2 ^- Moreover, by the maximum principle, 
ux, < UX2 in Vt. 

Let A2 < 0; we show that ux^ < ^iA2 in J7. Indeed, supposing the contrary, there exists xq G 
such that uai(xo) > nA2(xo). We conclude now that max{itAi(x) — ux^ix)} > is achieved at 

some point in Vt. At that point, say x, we have 

< -A(uAi - nA2)(x) = ^>Ai(x,UAi(x)) - $A2(^,'"A2(^)) < 0, 

which is a contradiction. It follows that ux^ < tiA2 in ^) and by maximum principle we have 
''^Ai < '"A2 in ^■ 

If Ai < < A2, then ux^ < uq < nA2 in This finishes the proof of Step 3. 
Step 4. Regularity of the solution. 

Fix A G M and let ux G (7^(17) n CiU) be the unique solution of (Pa)- An important result in 
our approach is the following estimate 

cid(x) < liA(x) < C2d(x), for all x G 0, (6.102) 

where ci,C2 are positive constants. The first inequality in (|6.102j) was established in Step 2. For 
the second one, we apply an idea found in Gui and Lin [S7| . 
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Using the smoothness of dO,, we can find 5 £ (0, 1) such that for all xq £ 0,s ■= {x € 0, ; d{x) < 
5}, there exists y € \ J7 with d{y, d^l) = 6 and d{xQ) = \xq — y\ — S. 

Let X > 1 be such that diam (0) < (K — 1)6 and let w be the unique solution of the Dirichlet 
problem 

' -Aw = X+f{w) + g{w) in Bk{0) \ MO), 
w>0 in Bk{0)\B^{0), (6.103) 

w = on 9(Sa-(0) \Sr(0)), 

where Br{0) is the open ball in of radius r and centered at the origin. By uniqueness, w is 
radially symmetric. Hence w^x) = and 



w > 
^ w{l) = w{K) = 0. 

Integrating in (|6. 104)1 we have 



w" + — ^-w' + \+fiw)+giw) =0 for r € (l,i^), 

r 



in {l,K), 



(6.104) 



w'{t) = w'{a)a^'H'^-^ - t^-^ / r^-i [X+f{w{r)) + giwir))] dr, 

J a 
fb 

= w'{b)b^-H^-^ + t^-^ j r^'i [X+f{wir)) + giw{r))] dr, 

where l<a<t<b<K. Since g{w) £ L^{1,K), we deduce that both w'{l) and w'{K) are 
finite, so u; € C2(l,i^) n (7^[l,i^]. Furthermore, 



u;(x) < Cmin{i^' - |x| - 1}, for any x £ Bk{'^^)\Bi{Q). 



(6.105) 



Let us fix xo £ ^5- Then we can find yo ^ M \f2 with d{yo,d^) = 5 and d{xo) = \xo — y\ — 6. Thus, 
O C Bxs{yo) \ Bsiyo). Define v{x) = cw I — - — , x G J7. We show that w is a super-solution of 



(P\)) provided that c is large enough. Indeed, if c > max{l, (5^||a||oo}, then for all x S we have 



+ A/(t;) + a{x)g{v) < -r w"(r) H w'{r) 

0^ \ r 

+ X'^ f{cw{r)) + a{x)g{cw{r)), 



N -I 



where r = £ {1,K). Using the assumption (/I) we get f{cw) < cf{w) in {1,K). The 



above relations lead us to 



N - I 

Av + Xfiv) + a{x)g{v) < ^ ( tD" H ^ — ) + -^^c/(t()) + \\a 



= 0. 



r 

N - 1 



w' + X~^f{w) + g{w) 
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Since An^ G L^{Q), with a similar proof as in Step 2 we get ux < v in Q. This combined with 
yields 

ux(,xq) < v{xo) < C mm|A , 1} < —d{xo). 

do 

Hence ux < ^d{x) in $7^ and the last inequality in (|6.1fl2|) follows. 

Let G be the Green's function associated with the Laplace operator in Q. Then, for all x € 
we have 

uxix) = - / G{x, y) [Xf{ux{y)) + a{y)g{ux{y))] dy, 
Jn 

and 

Vux{x) = - Gx{x,y) [Xf{ux{y)) + a{y)g{uxiy))]dy. 



If xi,X2 € ^l, using {g2) we obtain 

\Vuxixi) -Vuxix2)\ <\X\ / \Gx{xi,y) - Gxix2,y)\- fiuxiy))dy 

Jn 

+ c \Gx{xi,y) -Gx{x2,y)\-u~"{y)dy. 



n 



Now, taking into account that ux € C{^}), by the standard regularity theory (see Gilbarg and 
Trudinger [SSI) we get 



n 



\Gx{xi,y) - Gxix2,y)\ ■ f{uxiy)) < ci\xi - X2\. 
On the other hand, with the same proof as in j57l Theorem 1], we deduce 



Gx{xi,y) - Gx{x2,y)\ ■ u^°'{y) < C2\xi - X2 
n 



\l-a 



The above inequalities imply ux € C^(0) nC^'^ "(^)- The proof of Theorem l6.1l is now complete. 

□ 

Next, consider the case m > 0. The results in this case are different from those presented in 

Theorem 16.11 A careful examination of (Px) reveals the fact that the singular term g{u) is not 

significant. Actually, the conclusions are close to those established in Mironescu and Radulescu 

[781 Theorem A], where an elliptic problem associated to an asymptotically linear function is 

studied. ^ 

Let Ai be the first Dirichlet eigenvalue of (—A) in 17 and A* = — . Our result in this case is 

m 

the following. 

Theorem 6.4. Assume (/I), {§2) and m > 0. Then the following hold. 

(i) ^/ A > A*, then (Px) has no solutions in £. 
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(ii) If > (resp. a* = then (P\) has a unique solution ux £ £ for all —oo < A < A* (resp. 
< A < X* ) with the properties: 

(111) ux is strictly increasing with respect to A; 

(112) there exists two positive constants ci,C2 > depending on A such that cid{x) < ux < 
C2d{x) in Q; 

(113) ^lim ux = +oo, uniformly on compact subsets ofH.. 

The bifurcation diagram in the "Unear" case m > is depicted in Figure |2I 




Figure 2: The "linear" case m > 0. 



Proof, (i) Let <j)i be the first eigenfunction of the Laplace operator in with Dirichlet boundary 
condition. Arguing by contradiction, let us suppose that there exists A > A* such that (Px) has 
a solution ux € £■ 

Multiplying by in (Px) and then integrating over 0, we get 

(l)iAux = X [ f{ux)(l)i+ [ a{x)g{ux)^i (6.106) 

Since A > — , in view of the assumption (/I) we get Xf{ux) > Ain^ in 17. Using this fact in 
H6.1U6|1 we obtain 

)i Aux > Xi ux(t)i- 
n Jn 



The regularity of ux yields — / uxAcpi > Xi ux(t)i- This is clearly a contradiction since 

Jn Jn 
— Ai;^! = Xi(j)i in 0,. Hence (P\) has no solutions in £ for any A > A*. 

(ii) From now on, the proof of the existence, uniqueness and regularity of solution is the same 

as in Theorem 16.11 
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(ii3) In what follows we shall apply some ideas developed in Mironescu and Radulescu |78j . 
Due to the special character of our problem, we will be able to prove that, in certain cases, 
L^-boundedness implies f^Q-boundedness! 

Let ua € be the unique solution of (P\) for < A < A*. We prove that lim ux = +00, 

uniformly on compact subsets of Q. Suppose the contrary. Since (ua)o<a<a* is a sequence of 
nonnegative super-harmonic functions in Q, by Theorem 4.1.9 in Hormander j61J, there exists a 
subsequence of (wa)a<a* (still denoted by (ua)a<a* ) which is convergent in Ll^^{Q,). 

We first prove that (nA)A<A* is bounded in L^{Q,). We argue by contradiction. Suppose 
that (nA)A<A* is not bounded in L^(r2). Thus, passing eventually at a subsequence we have 
Ux = M{X)wx, where 

M{X) = \\ux\\L2{n) ^ ^ as X y X* and wx e L'^{Q), \\wx\\l2{q) = I- (6.107) 

Using (/I), {g2) and the monotonicity assumption on g, we deduce the existence of A, B, C, 
D > {A> m) such that 

f{t)<At + B, g{t) <Ct-'' + D, forant>0. (6.108) 

This implies 

(Xfiux) + a{x)g{ux)) ^ in Ll^{n) as A / A* 



M(A) 
that is, 

-Awx ^0 in Ll^{n) as A / A*. (6.109) 
By Green's first identity, we have 

f Vwx-V(pdx = - f (l)Awxdx = - f (pAwxdx V(/) G C^(0). (6.110) 

JCl JQ J Supp <j> 

Using (|6.109|) we derive that 



/ (j) Awx dx 
^Supp 4> 



< f \<l)\\Awx\dx 

J Supp ih 



' Supp 

<\\(t)\\L°° 1 \Awx\dx^Q asXyX*. 

J Supp (f> 



(6.111) 



Combining ()6.110|) and ()6. 111(1 . we arrive at 

[ Vwx-V(j)dx ^0 as X / X*, y(j)€C^{n). (6.112) 
Jn 

By definition, the sequence (tL'A)o<A<A* is bounded in L'^{Q). 
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We claim that {wx)x<x* is bounded in Hq{Q). Indeed, using (|6.in8j) and Holder's inequality, 
we have 

/ \Vwx\'^ = - WxAwx = TTTTT / WxAux 
Jn JQ M{A) Jq 



1 



< 



M(A) 
A 

M(A) 



Xwxfiux) + a{x)g{ux)wx] 



\ A f 2 ll'^llooC f I— a A-B + ||ffl||oo 

From the above estimates, it is easy to see that {wx)x<x* is bounded in Hq{Q), so the claim is 
proved. Then, there exists w S Hq{Q) such that (up to a subsequence) 

wx ^ w weakly in H^{n) as A / A* (6.113) 

and, because Hq{Q) is compactly embedded in L'^{Q), 

wx^w strongly in L^(17) as A / A*. (6.114) 

On the one hand, by 1)6.107^ and (|6.114p . we derive that ||u^||l2(q) = 1. Furthermore, using (|6.112() 
and (|6.113j) . we infer that 

[vwV(l)dx = 0, V(/>GC^(J7). 
Jn 

Since w G Hq{Q), using the above relation and the definition of Hq{Q), we get w = 0. This 
contradiction shows that {ux)x<x* is bounded in L'^{Q). As above for wx, we can derive that ux 
is bounded in Hq{Q). So, there exists u* € -ffo(i^) such that, up to a subsequence, 

Ux u* weakly in Hq{Q) as A A*, 

ux u* strongly in L^(0) as A / A*, (6.115) 
Ux u* a.e. in as A y A*. 

Now we can proceed to get a contradiction. Multiplying by (f>i in (Px) and integrating over 
0, we have 

- ipi Aux = A / fiux)ipi + / a{x)g{ux)ipi, for all < A < A*. (6.116) 
Jn Jn Jn 

On the other hand, by (/I) it follows that f{ux) > mux in for all < A < A*. Combining this 
with ()6. 116(1 we obtain 

Ai / ux^pi > Am / ux^pi + / a{x)g{ux)^i, for all < A < A*. (6.117) 
Jn Jn Jn 
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Notice that by (gl), (|6.115j) and the monotonicity of u\ with respect to A we can apply the 
Lebesgue convergence theorem to find 



a{x)g{ux)(pi dx ^ / a{x)g{u*)ipi dx as A /' Ai. 
n Jn 

Passing to the hmit in (|6.117|) as A /'A*, and using (|6.115j) . we get 



Ai / u*ipi > Ai / u*(fi + / a{x)g{u*)ipi. (6.118) 
Jq Jq Jn 

Hence / a{x)g{u*)ipi = 0, which is a contradiction. This fact shows that hm u\ = +00, 
Jn AZ-A* 

uniformly on compact subsets of 0,. This ends the proof. □ 

7 Sublinear singular elliptic problems with two bifurcation pa- 
rameters 

Let Q he a smooth bounded domain in {N > 2). In this section we study the existence or 
the nonexistence of solutions to the following boundary value problem 

—An + K{x)g{u) = A/(x, u) + fih{x) in 17, 

u> in 17, (-Pa, ft) 

u = on d^l. 

Here K,h ^ C^''^{Q), with h > on Q and A, /i are positive real numbers. We suppose that 

/ : $7 X [0, 00) [0, 00) is a Holder continuous function which is positive on O x (0, 00). We also 

assume that / is nondecreasing with respect to the second variable and is sublinear, that is, 

f (x ^ 5) 

(/I) the mapping (0, 00) 9 s 1 — > ^ — is nonincreasing for all x G $7; 

s 

f (x ^ s) f (x ^ 5) 

(/2) lim ^ — = +00 and lim ^ — = 0, uniformly for x G 17. 

siO S S~^QO s 

We assume that g G C^''^{0, 00) is a nonnegative and nonincreasing function satisfying 
(gl) lim5r(s) = +00; 

{g2) there exists C, (Jq > and a G (0,1) such that g{s) < Cs^°^ for all s G (0, (5o). 

Our framework includes the Emden-Fowler equation that corresponds to g{s) = 7 > 
(see Wong [Mj). 

Denote f = {u G C2(17) n C(ll); g{u) G L^{n)]. 

We show in this section that {P\^^) has at least one solution in 8 for A,/^ belonging to a 
certain range. We also prove that in some cases {P\,^) has no solutions in £, provided that A 
and /i are sufficiently small. 
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Remark 5. (i) E u e £, v £ C^(r2) n C{Q) and <u <v in 17, then v G £. 

{a) Let u e n C{Tl) be a solution of (Pa,/.)- Then u G f if and only if An e L^(r2). 

A fundamental role will be played in our analysis by the numbers 

K* = maxi^(x), K^^ = minX(x). 

Our main results (see Ghergu and Radulescu ^47 J are the following. 

Theorem 7.1. Assume that > and f satisfies (/I) — (/2). 

V / 9{s)ds = +00, then (Px^^) has no solution in £ for any A,/i > 0. 
Jo 

Theorem 7.2. Assume that K^, > 0, / satisfies (/I) — (/2) and g satisfies (gl) — {g2). 
Then there exists A^,,/i,f > such that 

(Pa,/i) has at least one solution in £ i/ A > A* or fj, > fi^. 

iPx,fi) has no solution in £ if \ < \^ and /j, < fi^... 

Moreover, i/ A > A* or fj, > fx^,, then (Pa,^() has a maximal solution in £ which is increasing 
with respect to A and fi. 



At least one solution 




(0,0) A* A 

Figure 3: The dependence on A and // in Theorem 17.21 



Theorem 7.3. Assume that K* < 0, / satisfies (/I) — (/2) and g satisfies (gl) — {g2). 
Then (-Pa,/j) has a unique solution ua,^ E £ for any A, /i > 0. Moreover, u\^^ is increasing with 
respect to A and ji. 

Theorems 17.21 and 17.31 also show the role played by the sublinear term / and the sign of K{x). 
Indeed, if / becomes linear then the situation changes radically. First, by the results established 
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by Crandall, Rabinowitz, and Tartar 35 , the problem 



-Au - ti"" 
u = 



-u in 
in 

on do. 



has a solution, for any a > 0. Next, as showed in Chen ^5], the problem 

—An + = u in fi. 



u > 
u = Q 



in fi, 
on (90 



has no solution, provided < a < 1 and Ai > 1 (that is, if O is "small"), where Ai denotes the 
first eigenvalue of (—A) in Hq{Q). 

Theorem 7.4. Assume that K* > > K^,, f satisfies (/I) — (/2) and g verifies {gl) — {g2). 
Then there exists A^,, /x^, > such that (i^A.^t) has at least one solution u\^^ & £ if X > X^, or 
^ > /i*. Moreover, for A > A* or fi > fi^, u\^^ is increasing with respect to X and fi. 

Before giving the proofs, we state some auxiliary results. 

Let (pi be the normalized positive eigenfunction corresponding to the first eigenvalue Ai of 
the problem 

—Au = An in 0, 



(7.119) 



n = 



on dQ . 

^^dx < +00 if and only if s < 1. 



Lemma 7.5. (Lazer and McKenna 

Next, we observe that the hypotheses of Lemmas 16.21 and 16.31 are fulfilled for 



(7.120) 



qix^^{x,s) = Xf{x,s) - K{x)g{s) + fih{x), provided iiT* < 0. (7.121) 

Lemma 7.6. Let f satisfying (/I) — (/2) and g satisfying (gl) — (g2). Then there exists A > 
such that the problem 

—An + g(y) = A/(x, n) + \xh{x) in 0, 

n > in 0, (7.122) 

n = on 90. 

has at least one solution vx^^ S £ for all X > X and for any fi > 0. 
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Proof. Let A, /i > 0. According to Lemmas 16.21 and I6.3[ the boundary value problem 

-AU = Xf{x,U) + fih{x) in 0, 

U>0 in 0, (7.123) 

U = ondn 

has a unique solution Ux^^ G C'^'^{Q) n C{Q). Then vx^fj, = U\,ii is a super-solution of H7.122|) . 
The main point is to find a sub-solution of H7.122|) . For this purpose, let H : [0, oo) — > [0, oo) be 
such that 

( 

H"(t) = g(H(t)), for ah t > 0, 

(7.124) 

H'{0) = H{0) = 0. 

Obviously, H G C^(0,oo) fl C^[0,oo) exists by our assumption {g2). From (|7.124|) it follows that 
H" is nonincreasing, while H and H' are nondecreasing on (0, oo). Using this fact and applying 
the mean value theorem, we deduce that for all t > there exists G (0,t) such that 

H{t) H{t) - H{0) 



t t-0 
H'{t) H'{t) - H'{0) 



t 



t-0 



H'iet ) < H'it); 



H"{et) > H"{t). 



The above inequalities imply 

H{t) < tH'it) < 2H{t), for all t > 0. 

Hence 



tH'it) 



for all t > 0. 



(7.125) 



On the other hand, by {g2) and H7.124|l . there exists tj > such that 

H{t) < 5o, for all t G (0,ry), 
H"it) < CH-''{t), for all t G (0,r/), 



which yields 



H{t) < ci2/("+^), for all t G (0,ry), 



(7.126) 



(7.127) 



where c > is a constant. 

Now we look for a sub-solution of the form Vx/j. — ^H{4'i)i for some constant M > 0. We 
have 

-Avx^^ + g{vx^^) = \iMH'{<l)^)ct^i+ g{MH{(^i)) - Mg{H{ct^^))\V(^i\^ in ^ (7.128) 
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Take M > 1. The monotonicity of g leads to 

g{MH{(t>i)) < g{H{^i)) in 1^, 

and, by (t7J28]). 

-Ai^A,^ + 5(2Za,m) < AiM/7'(0i)</)i +5(//(</>i)) (l - M\V<^^\^) in 1^. (7.129) 
We claim that 

-/\v,^^^ + g{v,^^^)<2\iMH'{ct>i)4>i in 17. (7.130) 
Indeed, by Hopf's maximum principle, there exists (5 > and oj ddVL such that 

|V(^i| > 5 in 17 \ (J, 

(/>! > (5 in 

On 17 \ a; we choose M > Ml = max{l,5-2}_ ^hen, by (17.1291) we obtain 

-At;;,,^ + 5(i!a,m) < AiAf//'(0i)-/.i in 17 \ u;. (7.131) 

Fix M > max I Ml, 1[hhI)5 } • '^^^^^ 

g{H{(j)i)) < g{H{6)) < \iMH'{5)5 < \iMH'{(j)i)(Pi in uj. 
From (|7.129|) we deduce 

-A^;;,,^ + g{v^^^) < 2\iMH'{<l}i)(t>i in u. (7.132) 

Hence our claim (|7.13()|) follows from (|7.131|1 and (|7.132j) . 

Since 0i > in 17, from (|7. 125(1 we have 

1 < ^Ir^ < 2 in 17. (7.133) 
^^(0i) 

Thus, ¥n?m and (17133]) yield 

-Ai;a,m + 5(2^a,m) < 4AiM/?(</)i) = 4Ai2;a,;. m (7.134) 

Take A = 'i^\ic~^\v_\ Aoo-, where c = \ni_f{x,\v_x ij\oo) > 0. If A > A, the assumption (/I) 
produces 

A^^"'^^-^^>A^^"''^^r'-^>4Ai, foraUxea 
This combined with ((7.134|) gives 
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Hence Vx,ti ^ sub-solution of (|7.122|) . for all A > A and fi > 0. 

We now prove that Vx^^ € f, that is g{v\^^) G L^{Q). Denote = {x ^ $7; 4'i{x) < r]}. By 
and (TTTTTl) it follows that 

giUx,^) = 9{MH{ct>i)) < g{H{ct>i)) < CH-^{cl>,) < Co </,~2"/(i+") in Oq, 

g{vx,^) < 9{MH{r])) in n \ Oq- 
These estimates combined with Lemma 17.51 yield g{v_x ^ G L}{Q) and so ^V\^^ S L^(J7). Hence 

1!a,/x> vx,f, > in 17, 
l^A,Ai = "^A.M on 017, 

By Lemma l6.3l it follows that v^^^ < wa,/x on 17. Now, standard elliptic arguments guarantee the 
existence of a solution vx^^ G (7^(17) n C(17) for (|7.122j) such that Vx,fi ^ ^A,/x < ^'A./x in 1^- Since 
2^A,/x ^ by Remark|Slwe deduce that ua,/^ G £■ Hence, for all A > A and /U > 0, problem (|7.122() 
has at least a solution in f . The proof of Lemma 17.61 is now complete. □ 

We shall often refer in what follows to the following approaching problem of {Px,fi) ■ 



-An + K{x)g{u) = A/(x, u) + fih{x) in 17, 



u>0 
1 



in 17, 
on 917. 



where /c is a positive integer. We observe that any solution of {Px,n) is a sub-solution of (P^ ^ ). 

Proof of Theorem \ 7. 1\ Suppose to the contrary that there exists A and fi such that (Pa,^) 
has a solution ua,^ G £ and let f/A,/^ be the solution of (|7.12H|) . Since 

A^/a,/. + ^A,^(2;, f/A,^) < < AuA,;, + ^A,/.(a;, -UA,/.) in 17, 

by Lemma we get ua,^ < C/a./j in 17. 
Consider the perturbed problem 



—An + K^g{u + e) = A/(x, u) + nh{x) in 17, 
u > in 17, 

u = on 917. 



(7.135) 



66 



Hence 



Since > 0, it follows that u\^^ and U\^^ are sub and super-solution for (|7.135|) . re- 
spectively. So, by elliptic regularity, there exists S C'^'^(^) a solution of (|7.i;-i5|) such that 

ux,^l <Us < Ux,n in 0,. (7.136) 

Integrating in ()7.135|) we deduce 

— / Auedx + K^: / g{ui; + e)dx = / [Xf{x,Ue)+fJ-h{x)]dx. 
Jn Jn Jn 

- f ^ds + ( g{ue + e)dx < M, (7.137) 
Jan dn Jq 

du r 
where M > is a constant. Since — < on dQ, relation (17.1371) yields / g(u£+£)dx < M, 

on Jq 

and so / g{U\^^ + e)dx < M. Thus, for any compact subset uj ddVi we have 
Jn 

[ g{Ux,t, + e)dx < M. 
Letting e —)■ 0, the above relation leads to i^* / g{U\ ^j)dx < M. Therefore 

J u> 

I g{Ux,f,)dx < M. (7.138) 
Jn 

Choose 5 > sufficiently small and define ^Is := {x € il; dist(a;,9r2) < 5}. Taking into 
account the regularity of domain, there exists A; > such that 

Ux,^ < kdist{x,dQ) for all x G Qs- 

Then 

/ g{Ux,ii)dx > / g{Ux.ij)dx> I g{kdist{x,dQ))dx = +00, 
Jn Jng Jns 

which contradicts H7.138|) . It follows that the problem {Px,fi) has no solutions in £ and the 

proof of Theorem 17. II is now complete. □ 

Using the same method as in Zhang |93[ Theorem 2], we can prove that (Pa, /x) has no solution 
in C^(r2) n C^{Q), as it was pointed out in Choi, Lazer, and McKenna |211 Remark 2]. 

Proof of Theorem \ 7. ^ We split the proof into several steps. 

Step I. Existence of the solutions of {Px,fi) for A large. By Lemma EH there 
exists A such that for all A > A and fi > the problem 

-Av + K*g{v) = Xf{x,v) + nh{x) in 0, 

V > in 0, 

V = on do,, 
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has at least one solution v\^fj, € S. Then Vk = vx^^ + ^ is a sub-solution of (P^ ^) for all positive 
integers k > 1. 

From Lemma l6.2| let w G C'^''^{Q) be the solution of 

—Aw = A/(x, vS) + fih{x) in fi, 
< t/; > in 

= 1 on dQ. 

It follows that w is a super-solution of (P^ ^) for all A; > 1 and 

Aw + ^>A,/i(x, u;) < < Avi + <^x,^t{x, vi) in n, 

w, vi > in 0, 
w = on 
Avi G L^(r?). 

Therefore, by Lemma 1 < f i < tf; in J7. Standard elliptic arguments imply that there exists 
a solution u\ ^ G C'^''^{il) of {P\ ^) such that vi < u\ ^ < w in fi. Now, taking u\ ^ and ^2 
as a pair of super and sub-solutions for (P^ ^), we obtain a solution n| ^ G C^''^(r2) of (P| ^) 
such that f 2 ^ 'U^ ^ < tij^ ^ in Q. In this manner we find a sequence {u^ ^} such that 

< ul^ < < in n. (7.139) 

Define ux Jx) = lim (x) for all x G il. Standard bootstrap arguments imply that ux n is a 
solution of (Pa, From 1)7.139^ we have fA,/^ < ux^^ < it; in Q. Since ua,^ G £, by Remark |S1 it 
follows that ua,^ G <S. Consequently, problem (Pa,/^) has at least a solution in £" for all A > A 
and ^ > 0. 

Step II. Existence of the solutions of (Pa,^) for large. Let us first notice that 
g verifies the hypotheses of Theorem 2 in Diaz, Morel, and Oswald [SHI. We also remark that the 
assumption (g2) and Lemma 17.51 is essential to find a sub-solution in the proof of Theorem 2 in 
Diaz, Morel, and Oswald [H^ . 

According to this result, there exists 7^ > such that the problem 

-Av + K*g{v) = fih{x) in ^l, 
' V > in Q, 

V = on d^l, 

has at least a solution G <S provided that > ]I. Fix A > and denote Vk = Vfj, + —, k > 1. 

fv 

Hence Vk is a sub-solution of (P^ ^), for all k > 1. Similarly to the previous step we obtain a 
solution ux^fM G £ for all A > and fi >]!. 



68 



Step III. Nonexistence for A, ^ small. Let A, /U > 0. Since K^: > 0, the assumption 

(gl) implies lim ^'a,;^(x, s) = — cxd, uniformly for 1^. So, there exists c > such that 
sj,0 

^A,M(a;, s) <0 for all (x, s) enx (0, c). (7.140) 
Let s > c. From (/I) we deduce 

^Au(x,s) , fix.s) h(x) , fix,c) \h\ao 

s s s c s 

cA]^ f (x J c) 

for all x S r2. Fix /i < — j— — and let M = sup ^ — > 0. From the above inequality we have 



2|/i|c 



< AM + y , for ah (x, s) G 17 x [c, +oo). 



Thus, (f7T^ and XTim yield 

^A,^(x, s) < a(A)s + y s, for ah (x, s) G x (0, +oo). 
Moreover, a(A) — > as A ^ 0. If (-Pa, /x) has a solution ua,;^) then 

^1 / ul^^{x)dx < / iVnA.^pdx = - / ux,^,{x)Aux.f,{x)d3 
Jn Jq Jq 

< / ux,f,ix)'if{x,ux,^{x))dx. 



(7.141) 



(7.142) 



Using H7.142p . we get 



-^1 / ulJx)dx < 



a(A) + ^ / ul {x)dx. 
^ i Jn 



Since a(A) — > as A — > 0, the above relation leads to a contradiction for A,// > sufficiently 
small. 

Step IV. Existence of a maximal solution of {Px,fj.) ■ We show that if (-Pa,/^) has 
a solution n^,^ G <f, then it has a maximal solution. Let A,^ > be such that {Px,^i) has a 
solution ux^^ G <S. If C/a.^j is the solution of (|7.12,3j) . by Lemma lol we have ux^fj, < C^A.^t in ^• 
For any j > 1, denote 

% = |x G r2; dist(x,9r2) > • 
Let C/q = Ux,i_i and f/j be the solution of 

-AC + K{x)g{Uj-i) = A/(x, Uj-i) + fih{x) in fi^, 
C = f/j_i inO\Oj. 
Using the fact that ^'a.^^ is nondecreasing with respect to the second variable, we get 

ux,ij. <Uj < Uj-i < Uq in 
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If ux n{x) = lim Uj{x) for all x € il, by standard elliptic arguments (see Gilbarg and Trudinger 

[Sni) it follows that ux^fj^ is a solution of {Px,^j,)- Since ux^^ < ux^^ in by Remark |S1 we have 
^x,tj, £ Moreover, ux,fj. is a maximal solution of (Pa, /x)- 

Step V. Dependence on A and . We first show the dependence on A of the maximal 
solution ux,ij. G of {Px,tJ.)- For this purpose, fix > and define 

A := {X > 0; {Px,^j,) has at least a solution n^,^ G £}■ 

Let A* = inf^. From the previous steps we have vl 7^ and A* > 0. Let Ai G ^ and uxi,fi 
be the maximal solution of {Pxi,iJ.)- We prove that (Ai,+oo) C A. If A2 > Ai then uxi,ii is a 
sub-solution of {Px2,n) ■ the other hand, 

f^A2,/.> ^^Ai.A* > in 17, 
Ux2,fi > itAi,M on dQ, 
Aux,,^ G Li(17). 

By Lemma |6Ji| ux^^^ ^ Ux2.fM in In the same way as in Step IV we find a solution ux2,fj, 

G £ 

of {Px2,fj.) such that 

^^Ai,M < ^A2,/» < Ux2,^, in 17. 

Hence A2 G A and so (A*, +00) C A. If ux2,fj. G <S is the maximal solution of {Px2,^l)^ the above 
relation implies uxi,^i ^ ^A2,At in 0,. By the maximum principle, it follows that iiAi,/i < ^A2,/i in 
Jl. So, ua,^ is increasing with respect to A. 

To prove the dependence on ^u, we fix A > and define 

B := {fi > 0; {Px,fj.) has at least one solution ua,^ G £}. 

Let = inf B. The conclusion follows in the same manner as above. The proof of Theorem 17.21 
is now complete. □ 

Proof of Theorem \ 7.3\ Let A, /i > 0. We recall that the function ^x,fi defined in (|7.121j) 
verifies the hypotheses of Lemma [6.21 since K* < 0. So, there exists ux^fj, G C^''^(r2) n C(0) a 
solution of {Px,fi)- If Ux^fi is the solution of (|7.123j) . then 

^Ux,f^ + ^>A 

ux,fi, Ux,^ > in 17, 
ux,,i = Ux,^ = on dQ. 
bmce ^Ux,f, G L^(17), by Lemma ESI we get ua,^ > C^A.^t in 17. 
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We claim that there exists c > such that 



Ux,^, > C(/>i in n. (7.143) 
Indeed, if not, there exists C 0, and e„ — > such that 

(t/A,M (a;„) < 0. (7.144) 
Moreover, we can choose the sequence with the additional property 

y iUx,^. - en<Pi) (xn) = 0. (7.145) 



Passing eventually at a subsequence, we can assume that — > xq G ^2. From (|7.144j) it follows 
that Ux^fj_{xo) < which implies Ux,^{xo) = 0, that is xq G dil. Furthermore, from 1)7.145(1 we 

dUx 

have V{7a u(2;o) = 0. This is a contradiction since — Tr^ixo) < 0, by Hopf's strong maximum 

on 

principle. Our claim follows and so 



^A,;. > Ux,f, > C(Ai in n. (7.146) 

Then, g{ux^^) < g{Ux,^) < g{c(j)i) in 0. From the assumption {g2) and Lemma [TH (using the 
same method as in the proof of Lemma l7.6j) it follows that g{c(j)i) G L^{^). Hence ux,fj, G S. 

Let us now assume that u\ ^, u\ ^ ^ 8 are two solutions of {Px,^)- In order to prove the 
uniqueness, it is enough to show that u\^'>u\^ in This follows by Lemma 16.31 

Let us show now the dependence on A of the solution of {Px,fi)- For this purpose, let 
< Ai < A2 and uxj,^, ux^,^ be the unique solutions of (-Pai.^j) and {Px2,fj.) respectively, with 
/i > fixed. Since tiAi,^, ux2,^j. G £ and 

AUX241 + ^X2,^J.{x, wa2,m) < < ^^Ai,/i + ^X2,fi{x, uxufj.) in ^, 

in virtue of Lemma FT!^ we find UAi,/i < '"A2,ai in il. So, by the maximum principle, ux^^fj. < ux2,fi 
in fi. 

The dependence on fi follows similarly. The proof of Theorem FOl is now complete. □ 

Proof of Theorem [7^1 Step I. EXISTENCE. Using the fact that K* > 0, from Theorem TT?]] 
it follows that there exists A* , > such that the problem 

-Av + K*g{v) = \f{x,v) + tih{x) in Q, 

V > in 0, 

V = on dfl. 

has a maximal solution vx,f_i G <f , provided A > A* or fi > fi^,. Moreover, vx,^ is increasing with 
respect to A and fi. Then = vx^^ + — is a sub-solution of {P\ ^), for all k >\. On the other 
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hand, by Lemma l6.2[ the boundary value problem 



—Aw + K^,g{w) = Xf{x, w) + fih{x) in 

' w > in 

w = — on d^l. 

^ k 

has a solution G C^''''(0). Obviously, Wk is a super-solution of {P\ ^). 
Since K* > > K^:, we have 

Ai(;fc + $A,/x(a;, ^t;fc) < < Avk + ^'A,M(a:^i ^'fe) in ^, 

and 

Wk, Vk > in 0, 
Wfc = on di^, 

From Lemma 16.31 it follows that < Wk in 0,. By standard super and sub-solution argument, 
there exists a minimal solution u\ ^ G C'^'^{il) of {P\ ^) such that vi < u\ ^ < wi in 17. Now, 
taking nj^ ^ and V2 as a pair of super and sub-solutions for ^), we deduce that there exists 
a minimal solution ^ G C^''^(r2) of (P| ^) such that V2 < uj^^ < in 17. Arguing in the 
same manner, we obtain a sequence {u\^^} such that 

Vk < < u\-^ < wi in n. (7.147) 

Define ux^^{x) = lim (x) for all x G 17. With a similar argument to that used in the proof 
of Theorem 17.21 we find that ua,^ G f is a solution of (-Pa,^)- Hence, problem {Px,fj.) has at 
least a solution in £, provided that A > A* or fi > fi^^. 

Step II. Dependence on A and // . As above, it is enough to justify only the dependence 
on A. Fix A^, < Ai < A2, /i > and let mai,/*, '"A2,At £ be the solutions of (-Pai,/^) and {P\2,^) 
respectively that we have obtained in Step L It follows that u^^ ^ is a super-solution of {P\^ 
So, Lemma IfTHl combined with the fact that va,^ is increasing with respect to A > A* yield 

^iA2,M ^ ^^2.M + 1^ ^^1-/^ + 1 ™ ^• 

Thus, , > n\ , in 17 since , is the minimal solution of (P^ , ) which satisfies , > 
f^Ai,^ + 1/^ in ^- It follows that ux^^^ > iiAi,/i in 17. By the maximum principle we deduce that 
^A2,At > ^Ai,/i in 17. This concludes the proof. □ 
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8 Bifurcation and asymptotics for the singular Lane-Emden- Fowler 
equation with a convection term 

Let C {N > 2) be a bounded domain with a smooth boundary. In this section we are 
concerned with singular eUiptic problems of the following type 

— Au = (7(u) + A| Vu|^ + n) in 
< n>0 in 17, (8.148) 

n = on 50, 

where < p < 2 and A, /x > 0. As remarked by Choquet-Bruhat and Leray [HI ^-nd by Kazdan 
and Warner |22j, the requirement that the nonlinearity grows at most quadratically in |Vu| is 
natural in order to apply the maximum principle. 

Throughout this section we suppose that / : x [0, oo) — > [0, oo) is a Holder continuous 
function which is nondecreasing with respect to the second variable and is positive on O x (0, oo). 
We assume that g : (0, oo) — > (0, oo) is a Holder continuous function which is nonincreasing and 
lims\o5(s) = +00. 

Many papers have been devoted to the case A = 0, where the problem ()8. 148(1 becomes 

—An = g(u) + lJ-f{x, u) in Q, 
' u>0 inn, (8.149) 

u = on dQ, 

If /i = 0, then (j8.149|) has a unique solution (see Crandall, Rabinowitz, and Tartar [35|, Lazer and 
McKenna j^). When fi > 0, the study of (j8.149|) emphasizes the role played by the nonlinear 
term f{x,u). For instance, if one of the following assumptions are fulfilled 

(/I) there exists c > such that /(x, s) > cs for all (x, s) € x [0, oo); 

(/2) the mapping (0, oo) B s i — > li-^^ nondecreasing for all x € Q, 
then problem (|8.149|) has solutions only if > is small enough (see Coclite and Palmieri |34j ) . 
In turn, when / satisfies the following assumptions 

(/3) the mapping (0, oo) 3 s i — > Z(£2£) nonincreasing for all x G Q; 

(/4) lims^oo '^^^'^^ = 0, uniformly for x E 
then problem (|8.149() has at least one solutions for all /x > (see Coclite and Palmieri [HI], Shi 
and Yao l86^ and the references therein). The same assumptions will be used in the study of 

By the monotonicity of g, there exists 

a = lim g{s) € [0, oo). 
The main results in this section have been obtained by Ghergu and Radulescu 151] . 
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We are first concerned with the case A = 1 and 1 < p < 2. In the statement of the following 
result we do not need assumptions (/I) — (/4); we just require that / is a Holder continuous 
function which is nondecreasing with respect to the second variable and is positive on 17 x (0, oo). 

Theorem 8.1. Assume A = 1 and 1 < p < 2. 

(i) If p = 2 and a > Ai, then ^8.148^ has no solutions; 

(ii) If p = 2 and a < Xi or 1 < p < 2, then there exists fi* > such that I18.I48}) has at least one 
classical solution for /i < /x* and no solutions exist if fi > fi* . 

If A = 1 and < p < 1 the study of existence is close related to the asymptotic behaviour of 
the nonlinear term f{x,u). In this case we prove 

Theorem 8.2. Assume A = 1 and < p < 1. 

(i) If f satisfies (/I) or (/2), then there exists /x* > such that ^8.148^ has at least one classical 
solution for fi < fi* and no solutions exist if fi > fi*; 

(ii) // < p < 1 and f satisfies (/3) — (/4), then ^8.148}) has at least one solution for all /x > 0. 

Next we are concerned with the case fi = 1. Our result is the following 

Theorem 8.3. Assume ^ = 1 and f satisfies assumptions (/3) and (/4). Then the following 
properties hold true. 

(i) // < p < 1, then I18.I48}) has at least one classical solution for all A > 0; 

(ii) If 1 < p < 2, then there exists A* G (0, 00] such that \8.148\ ) has at least one classical solution 
for A < A* and no solution exists if A > A*. Moreover, if 1 < p < 2, then A* is finite. 

Related to the above result we raise the following open problem: ii p = 1 and ^ = 1, is A* 
a finite number? 

Theorem 18.31 shows the importance of the convection term A|Vti|P in H8.148() . Indeed, according 
to Theorem 17.31 and for any > 0, the boundary value problem 

/■ 

-Au = u~°' + X\Vu\^ + liu^ inn, 

< u>0 inn, (8.150) 

u = on dn 

has a unique solution, provided A = 0, a, /? G (0,1). The above theorem shows that if A is 
not necessarily 0, then the following situations may occur : (i) problem (|8.150|) has solutions if 
p G (0, 1) and for all A > 0; (ii) if p G (1, 2) then there exists A* > such that problem (|8.150|) 
has a solution for any A < A* and no solution exists if A > A*. 

To see the dependence between A and /u in (|8.148j) . we consider the special case / = 1 and 
p = 2. In this case we can say more about the problem (I8.148() . More precisely we have 
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Theorem 8.4. Assume that p = 2 and / = 1. 

(i) The problem \8.14t^ has solution if and only if \{a + /x) < Ai; 

(ii) Assume fi > is fixed, g is decreasing and let A* = — . Then \8AjB^ has a unique solution 

a + jj 

ux for all A < A* and the sequence {ux)x<:x* is increasing with respect to A. 

Moreover, if lim sup s°'g{s) < +oo, for some a G (0, 1), then the sequence of solutions {ux)o^x<x* 

has the following properties 

(111) For all < X < X* there exist two positive constants ci,C2 depending on X such that 
c\ dist(j;, < < C2 dist(x, 50) in il; 

(112) ux G C^'^-^P nC72(0); 

(113) Ux — > +00 as A /' A*, uniformly on compact subsets of Q. 

As regards the uniqueness of the solutions to problem (|8.148j) . we may say that this does not 
seem to be a feature easy to achieve. Only when f{x,u) is constant in u we can use classical 
methods in order to prove the uniqueness. It is worth pointing out here that the uniqueness of 
the solution is a delicate issue even for the simpler problem H8.149|) . We have already observed 
that if / fulfills (/3) — (/4) and g satisfies the same growth condition as in Theorem 18.41 then 
this solution is unique, provided that problem l|8.149j) has a solution. On the other hand, if / 
satisfies (/2), the uniqueness generally does not occur. In that sense we refer the interested reader 
to Haitao [HH|- In the case f{x,u) = u*^, g{u) = , < j < jj and 1 < q < we learn 

from that problem ()8.149() has at least two classical solutions provided fi belongs to a certain 
range. 

Our approach relies on finding of appropriate sub- and super-solutions of (|8.148|) . This will 
allows us to enlarge the study of bifurcation to a class of problems more generally to that studied 
in Zhang and Yu fS^. However, neither the method used in nor our method gives a precise 
answer if A* is finite or not in the case p = 1 and /i = 1. 

We start with some auxiliary results. 

Let ifi be the normalized positive eigenfunction corresponding to the first eigenvalue Ai of 
(-A) in i?o(0). As it is well known Ai > 0, (pi e C'^{Tl) and 

Cidistix,dn) <(pi< C2dist(x,9J]) in 0, (8.151) 

for some positive constants Ci,C2 > 0. From the characterization of Ai and ipi we state the 
following elementary result. For the convenience of the reader we shall give a complete proof. 

Lemma 8.5. Let F : 0, x (0, oo) — > M 6e a continuous function such that F{x, s) > Xis + b for 
some b > and for all (x, s) € 1^ x (0, oo). Then the problem 

—^u = F{x^u) in $7, 
< n > in (8.152) 

n = on 917, 
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has no solutions. 



Proof. By contradiction, suppose that (|8.152|) admits a solution. This will provide a super- 
solution of the problem 

—Au = Xiu + b in r2, 

n > inn, (8.153) 

u = on 

Since is a sub-solution, by the sub and super-solution method and classical regularity theory it 
follows that (|8.152() has a solution u G C^(0). Multiplying by ipi in H8.153|) and then integrating 
over Q, we get 

- / ipiAu = Xi / ipiu + b / ipi, 
Jn Jn Jn 



that is Ai / ipiu = Xi ipiu + b ipi, which implies / ipi = 0. This is clearly a contradiction 

Jn Jn Jn Jn 

since > in fi. Hence (|8.15'2() has no solutions. 

According to Lemma l6.2| there exists ( G (7^(17) a solution of the problem 



□ 



-AC = 5(0 inl^, 
C > in 17, 

C = on dn. 



i.l54) 



Clearly ^ is a sub-solution of ()8. 148(1 for all A > 0. It is worth pointing out here that the sub-super 
solution method still works for the problem (|8.148|) . With the same proof as in Zhang and Yu |95[ 
Lemmma 2.8] that goes back to the pioneering work of Amann |3j we state the following result. 

Lemma 8.6. Let X,fi>0. If \8.14^ has a super-solution u G C^(r2) fl C(il) such that C, <u in 
0, then \8.14^ has at least a solution. 

Lemma 8.7. (Alaa and Pierre pQ). If p > 1, then there exists a real number a > such that 
the problem 

-Au = |Vn|P + a in Q, 



.155) 



u = 



on dn, 



has no solutions for a > a. 



Lemma 8.8. Let F : n x (0, oo) [0, oo) and G : (0, oo) (0, oo) be two Holder continuous 
functions that verify 

(Al) F{x, s) > 0, for all {x, s) G H x (0, oo); 

{A2) The mapping [0, oo) B s i — > F{x, s) is nondecreasing for all x € 0,; 
{A3) G is nonincreasing and lim^x^^g G'(s) = -|-oo. 



76 



Assume that t > is a positive real number. Then the following holds. 
(i) // r lims_^oo G'(s) > Ai, then the problem 



-An = Giu) + T|Vup + fJ,F{x, u) in 0, 
u > in f2, 

u = on dil, 



.156) 



/las no solutions. 

(ii) // r lims_>oo G(s) < Ai, then there exists /2 > such that the problem US. 156}) has at least 
one solution for all < fi < p,. 

Proof, (i) With the change of variable v = e™ — 1, the problem (|8. 156(1 takes the form 



— Av = "if ^{x , u) in Q, 

V > in Q, 

V = on do,, 

^^{x, s) = t{s + 1)G ( - ln(s + 1) ) + ^r(s + l)F { x, - ln(s + 1 



.157) 



where 



for all {x, s) G J7 X (0, oo). 

Taking into account the fact that G is nonincreasing and Tlims^ooG{s) > Ai, we get 

'iffj,{x,s) > Xi{s + 1) in 17x(0, oo), for all n>0. 

By Lemma IH31 we conclude that (|8.157|) has no solutions. Hence (j8.156|) has no solutions, 
(ii) Since 

r(. + l)G(lln(. + l))+l ^ 
lim ■ < Ai 



and 



r(. + l)G(iln(. + l))+l 

lim — = +00, 

s\0 s 



we deduce that the mapping (0, oo) 3 s i — > t{s + 1)G ln(s + 1)) + 1 fulfills the hypotheses in 
Lemma 16.21 According to this one, there exists v € C'^{Q) H C{0) a solution of the problem 



-Av = T(t; + l)G( -ln(?; + l) ) +1 in n, 



v>0 
v = 



in Q, 
in do,. 
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Define 



1 



T[ V 



+ 1) 



x£ft 



1 



maxF X, — ln(||f ||oo + 1' 



It follows that U is a super-solution of (|8.157j) for all < /i < /i. 

Next we provide a sub-solution v of ()8.157() such that v < I; in fi. To this aim, we apply Lemma 
16.21 to get that there exists v G C^(J7) Pi C{Q) a solution of the problem 



-Av = tG \n{v + 1)^ in 17, 

f > in $7, 

V = {) on do.. 



Clearly, v is a sub-solution of (|8.157j) for all < /i < /i. Let us prove now that u < v in VI. 
Assuming the contrary, it follows that max^^^ji; — U} > is achieved in Q.. At that point, say 
xo, we have 

< -A{v-v){xo) 



< T 



G ( - ln(i;(xo) + l)]-G[- ln(U(xo) + 1 



1 < 0, 



which is a contradiction. Thus, y_<vm.Vt. We have proved that {y_,v) is an ordered pair of sub- 
super solutions of (|8.157|) provided < < /Z. It follows that ()8.156|) has at least one classical 
solution for all < ^ < // and the proof of Lemma 18.81 is now complete. □ 

Proof of Theorem \H.l\ According to Lemma ESti) deduce that (|8.148|) has no solutions if 
p = 2 and a > Ai. Furthermore, if p = 2 and a < Ai, in view of Lemma ISIHtii), we deduce that 
(|8. 148)1 has at least one classical solution if /i is small enough. Assume now 1 < p < 2 and let us 
fix C > such that 

aCP/^ + CP-^ < \i. (8.158) 



Define 



V^:[0,oo)^[0,cx)), ^(s) 



s^ + C 



A careful examination reveals the fact that attains its maximum at s 

pP/2(2_p)(2-p)/2 



^) • Hence 



for all s > 0. 



2(7i-p/2 

By the classical Young's inequality we deduce 

pP/2(2_p)(2-p)/2 <2, 

which yields ip{s) < C^/^~^, for all s > 0. Thus, we have proved 

sP <GP/^s^ + CP/^-\ for all s > 0. 



.159) 
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Consider the problem 



, n) in i7 

u > in J^, (8.160) 

tt = on (90, 

By virtue of (|8.159|) . any solution of (|<S.lH()j) is a super-solution of (|8.148j) . 
Using now H8.158|) we get 

lim CP/2(g(^) +C7P/2-1) < Ai. 

The above relation enables us to apply Lemma IS.Sr ii) with G{s) = g{s) + C^/^~^ and r = C^/^. 
It follows that there exists p, > such that (|8.1H()|) has at least a solution u. With a similar 
argument to that used in the proof of Lemma 18.81 we obtain ( < u in where C, is defined in 
(|8.154j) . By Lemma we get that (|8.148j) has at least one solution if < < /x. 

We have proved that (|8.148|) has at least one classical solution for both cases p = 2 and a < Xi 
or 1 < p < 2, provided /i is nonnegative small enough. Define next 

A = {fi > 0; problem (|8.148|) has at least one solution}. 

The above arguments implies that A is nonempty. Let /i* = sup^d. We first show that [0, fJ-*) A. 
For this purpose, let ni £ A and < /i2 < If Ufj_-^ is a solution of H8.148|) with = /ii, then 
u^-^ is a super-solution of (|8.148j) with /i = /i2. It is easy to prove that ( < u^j,^ in Q, and by virtue 
of Lemma 18.61 we conclude that the problem ()8.148|) with /i = /i2 has at least one solution. 

Thus we have proved [0, C A. Next we show ^* < +oo. 
Since lims\o5('5) = +oo, we can choose sq > such that g{s) > a for all s < sq. Let 

a 

Using the monotonicity of / with respect to the second argument, the above relations yields 

g{s) + fJ-fix, s) > a, for all {x, s) G x (0, oo) and ^ > /io- 
If ()8.148() has a solution for fj. > fiQ, this would be a super-solution of the problem 

-Au = |Vn|P + a in Q, 

(8.161) 

u = on dQ. 

Since is a sub-solution, we deduce that H8.161|) has at least one solution. According to Lemma 
18. 7( this is a contradiction. Hence /U* < /xq < -|-oo. This concludes the proof of Theorem 18.11 □ 
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Proof of Theorem \8.^ (i) We fix p € (0, 1] and define 

q = q{jp) = 



p+1 ifO<p<l, 
3/2 ifp = l. 



Consider the problem 



-An = g{u) + 1 + I Vn|'? + u) in 

u > in 
u = on dil.. 



.162) 



Since < s'' + 1, for all s > 0, we deduce that any solution of (|8.162|) is a super-solution of 
H8.148|) . Furthermore, taking into account the fact that 1 < g < 2, we can apply Theorem IH-ir ii) 
in order to get that (|8. 162)1 has at least one solution if /i is small enough. Thus, by Lemma 18.61 
we deduce that H8.148() has at least one classical solution. Following the method used in the proof 
of Theorem 18. H we set 

A = {fj, > 0; problem (|8.148|) has at least one solution} 

and let /x* = sup A. With the same arguments we prove that [0, n*) Q A. It remains only to show 
that /i* < +00. 

Let us assume first that / satisfies (/I). Since lims\o5(.s) = +oo, we can choose /xq > ^ 
such that ^/Uqcs + g{s) > 1 for all s > 0. Then 

g{s) + nf{x, s) > Xis + 1, for all (x, s) G x (0, oo) and fi > fiQ. 

By virtue of Lemma 18.51 we obtain that (|8.148j) has no classical solutions if /U > /Uq, so /x* is finite. 
Assume now that / satisfies (/2). Since lims\o5(s) = +oo, there exists sq > such that 

g{s) > Ai(s + 1) for ah < s < sq. (8.163) 

On the other hand, the assumption (/2) and the fact that 0, is bounded implies that the mapping 



(0,oo) 3 s 



mm 



f{x,s) 



s + l 



is nondecreasing, so we can choose fi > with the property 



mm 



f{x,s) 



s+l 



> Ai for all s > sq. 



(8.164) 



Now ()8.163|) combined with (|8.164|) yields 

g{s) + fj.f{x, s) > Ai(s + 1), for all (x, s) S 1^ x (0, oo) and /i > /i. 
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Using Lemma l831 we deduce that (|8.148|) has no solutions if fi > fl, that is, fi* is finite. 
The first part in Theorem 18.21 is therefore estabhshed. 

(ii) The strategy is to find a super-solution € (7^(0) n C{Q,) of (|8.148j) such that C in 
n. To this aim, let h G C^{0,ri] n C[0,ri] be such that 

h"{t) = -g{h{t)), for all < t < r/, 

h{0) = 0, (8.165) 
h>0 in(0,r/]. 

The existence of h follows by classical arguments of ODE. Since h is concave, there exists 
h'{0+) g(0,-|-cxo]. By taking r/ > small enough, we can assume that /i' > in (0, ry], so h 
is increasing on [0,7]]. 

Lemma 8.9. (i) h € C^[0,?7] if and only if / g{s)ds < +00; 

Jo 

(ii) If < p < 2, then there exist ci,C2 > such that 

{h'Y{t) < cig{h{t)) + C2, for all < t < ry. 

Proof, (i) Multiplying by h' in (|8.165|) and then integrating on [t, r/], < t < rj, we get 

fV fHv) 
{h' f(t) - {h' f{r]) =2 gih{s))h' {s)ds = 2 g{T)dT. (8.166) 

Jt Jh{t) 

This gives 



{h'f{t)=2G{h{t)) + {h'f{T]) for all < t < r/, (8.167) 

where G{t) = / g{s)ds. From (|8.167|) we deduce that h'{0+) is finite if and only if G(0-|-) is 
finite, so (i) follows. 

(ii) Let p G (0,2]. Taking into account the fact that g is nonincreasing, the inequality ()8. 167(1 
leads to 

{h'f{t)<2h{r])g{h{t)) + {h'f{7]), for all < i < r?. (8.168) 
bmce sP <s^ + 1, for all s > 0, from (18.1 H8I) we have 

{h')P{t) < cig{h{t)) + C2, for all < t < 77 (8.169) 

where ci = 2/i(r/) and C2 = {h')'^(ri) + 1. This completes the proof of our Lemma. □ 

Proof of Theorem, \8.S\ completed. Let p G (0, 1) and /i > be fixed. We also fix c > such 

that c||(^i||oo < V- By Hopf's maximum principle, there exist 6 > small enough and > such 
that 

\Vipi\ > 6*1 in ns, (8.170) 
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where ^Is := {x G $7; dist(x,5il) < 5}. 

Moreover, since lims\o g{h{s)) = +00, we can pick 5 with the property 



{ceifgihic^i))-3fif{x,h{api))>0 in Us. (8.171) 

Let 02 ■= inf (fi > 0. We choose M > 1 with 

n\ns 

MicOif > 3, (8.172) 

Mc\i92h'{c\\ipi\\oo) > 2>g{h{ce2)). (8.173) 
Since p < 1, we also may assume 

(Mc)i-*'Ai(/i')'-^(c||(^i||oc) > 3||V(^i||^. (8.174) 

On the other hand, by Lemma l8.9r ii) we can choose M > 1 such that 

3(/i'(cy5i))P < M^-'P{ceif-'Pg{h{c^i)) in 17^. (8.175) 

The assumption (/4) yields 

j-j^ 3M/(x,g/t(c||v3i||oo)) ^ ^ 

s^oo s/l(c||(/9l||oo) 

So we can choose M > 1 large enough such that 

3/i/(x,M/i(c||(/?i||oo)) ^ cAi 6*2/1' (clival 1 1 00) 



M/l(c||(/?l||oo) /l(c||v5i||oo) 

uniformly in 17. This leads us to 

3/i/(x,M/i(c||(/?i||oo)) < McAi6'2/i'(c||(/?i||oo), for all x e f^. (8.176) 

For M satisfying (|8.172|) - (|8.176|) . we prove that = Mh{cipi) is a super-solution of H8.148|) . 
We have 

-Aux = Mc^g{h{cipi))\Vipi\'^ + McXiipih'{cipi) inO. (8.177) 

First we prove that 

M(Pg{h{c^i))\V^i\^ >g{u^) + \Vu^\P + ljf{x,u^) in Qs- (8.178) 
From (|8.17()j) and (18.1 72B we get 

^Mc^gih{c^i))\Vipi\^ > g{h{c^i)) > g{Mh{c^i)) = g{u^) in ^s. (8.179) 
By ()8.17U|) and (|8.175l) we also have 

^Mc^g{h{c^i))\V^i\^ > {Mcnh'Y{c^i))\V^i\P = {Vu^f in Qs- (8.180) 
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The assumption (/3) and (|8.171|) produce 

^Mc^g{h{c^i))\V^i\^ > fxMf{x,h{c^i)) > fif{x,Mh{cipi)) in Qg. (8.181) 

Now, by (pr™ . and (jmTT) we conclude that (PT^ is fulfilled. 

Next we prove 

McXiipih'iapi) > g{u^) + \Vu^\P + nf{x,Uf,) in n\ns- (8.182) 
From ()8. 173(1 we obtain 

^McXiifih'ic^i) > g{h{cfi)) > g{Mh{c^i)) = g{u^) in n \ Qg. (8.183) 
From (|8.174j) we get 



-McXiifih'ic^pi) > {Mc)P{h')P{c^pi)\Vipi\P = |Vu^|p in n\ fig. (8.184) 



By (18.176;) we deduce 

^McXifih'icipi) > ^lf{x,Mh{c(fl)) = nf{x,u^) in n\ns- (8.185) 
Obviously, (IHTM follows now by (|HIHS1), dHimi) and Kim . 

Combining (|8.177j) with (|8.178j) and (|8.182|) we find that is a super-solution of (|8.148j) . More- 
over, C ^ in ^- Applying Lemma 18.61 we deduce that (|8.148() has at least one solution for all 
fj. > 0. This finishes the proof of Theorem 18.21 □ 

Proof of Theorem The proof case relies on the same arguments used in the proof of 
Theorem 18.21 In fact, the main point is to find a super-solution ux G C'^{Q) fl (0) of H8.148|l . 
while C, defined in (|8.154|) is a sub-solution. Since g is nonincreasing, the inequality < ux in Q 
can be proved easily and the existence of solutions to ()8.148|) follows by Lemma 18.61 

Define c,S and 6*1,^2 as in the proof of Theorem 18.21 Let M satisfying (|8.172|) and H8.173|) . 
Since g{h{s)) — > -|-oo as s \ 0, we can choose 6 > such that 

{ceifg{h{c(pi))-3f{x,h{c(pi))>0 in Qg. (8.186) 
The assumption (/4) produces 

lim "^^ 1 ^^''^1^ ll""-^-^ — uniformly for x G O. 

s-»oo sn.(c||(/9i||oo) 

Thus, we can take M > 3 large enough, such that 

/(a:;,M/i.(c||99i||oo)) ^ cAi6'2/i'(c||(/?i ||oo) 



M/i(c||99i lloo) 3/i(c||v9i| 
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The above relation yields 

3/(x,M/i(c||93i||oo)) < McAi6l2/i'(c||(/3i||oo), for all xgO. (8.187) 
Using Lemma l8.9r ii) we can take A > small enough such that the following inequalities hold 

2,\MP-^{hy\o^i) < g{h{c^i)){ceif-P in Vts (8.188) 

Ai^2/i'(c||^i||oo) > ?>KMcY-\h'Y{cB2)\\V^i\\l,. (8.189) 

For M and A satisfying (18.1 72B - (|8.1 T.'-il) and (|8.18Hj) - (|8.189j) . we claim that ux = Mh{cifi) is a 
super-solution of (|8.148|) . First we have 

-Aua = Mc^5(/i(c(/7i))|V(/7iP + McAiV9i/i'(c(/?i) \n Q.. (8.190) 

Arguing as in the proof of TheoremlO from H8.17U|) . (|8.172|) . (|8.186|) . H8.188|) and the assumption 
(/3) we obtain 

M^g{h{c^i))\V^i\^>g{ux) + \\Vux\'' + f{x,ux) inO^. (8.191) 

On the other hand, (18.1 7.SI) . (18.1 87|1 and (18.1891) gives 

Mc\iifih\cipi)>g{ux) + \\Vux\^ + f{x,ux) in \ 0^. (8.192) 

Using now (|8.19()j) and (|8.191|) - (|8.192|) we find that ux is a super-solution of (|8.148j) so our claim 
follows. 

As we have already argued at the beginning of this case, we easily get that ^ < u>, in $7 and by 
Lemma 18.61 we deduce that problem 1)8. 148(1 has at least one solution if A > is sufficiently small. 
Set 

A = { A > 0; problem (|8. 148(1 has at least one classical solution}. 

From the above arguments, A is nonempty. Let A* = sup^. First we claim that if A G ^, then 
[0, A) C A. For this purpose, let Ai G A and < A2 < Ai. If ux^ is a solution of (|8. 148(1 with 
A = Ai, then ux^ is a super-solution for ((8.148(1 with A = A2 while C, defined in ((8.154(1 is a 
sub-solution. Using Lemma 18.61 once more, we have that ((8.148(1 with A = A2 has at least one 
classical solution. This proves the claim. Since A € ^ was arbitrary chosen, we conclude that 
[0,A*) C A. 

Let us assume now p € (1, 2]. We prove that A* < +00. Set 

m:= inf [g{s) + f{x, s)) . 
(a;,s)er2x(0,oo) ^ ^ 
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Since lims\o5(s) = +00 and the mapping (0, 00) B s 1 — > min/(rc, s) is positive and nondecreas- 

ing, we deduce that m is a positive real number. Let A > be such that (|8.148|1 has a solution 
u\. If V = X^^^P~^^ux, then v verifies 



-Av > \Vvf + X^/^P-^^m in Q, 

V > in 0, 

V = on d^l. 



1193) 



It follows that u is a super-solution of H8.155|) for a = X^^^^ ^^m. Since is a sub-solution, we 
obtain that (|8.155|) has at least one classical solution for a defined above. According to Lemma 

18.71 we have cr < a, and so A < I — I . This means that A* is finite. 

Vm/ 

Assume now p £ (0, 1) and let us prove that A* = -|-oo. Recall that C defined in (|8.154j) is a 
sub-solution. To get a super-solution, we proceed in the same manner. Fix A > 0. Since p < 1 
we can find M > 1 large enough such that (|8.172|) - H8.173|) and (|8.187|) - H8.189p hold. From now 
on, we follow the same steps as above. The proof of Theorem 18.31 is now complete. □ 

We remark that if g{s)ds < 00, then the above method can be applied in order to extend 
the study of H8.148|) to the case /U = 1 and p > 2. Indeed, by Lemma IH^ i) it follows h £ C^[0, t]]. 
Using this fact, we can choose ci,C2 > large enough such that the conclusion of Lemma l8.9r ii) 
holds. Repeating the above arguments we prove that if p > 2 then there exists a real number 
A* > such that ()8.148|) has at least one solution if A < A* and no solutions exist if A > A*. 



Proof of Theorem \8.4\ (i) If A = 0, the existence of the solution follows by using Lemma 16.21 
xt we assume that A > 
problem (|8.148|) becomes 



Next we assume that A > and let us fix > 0. With the change of variable v = e'^" — 1, the 



-At; = 
v = 



in fi, 
in fi, 
on dn, 



(8.194) 



where 



^>a(s) = A(s + 1)5 ( ^ ln(s + 1) ) + A^(s + 1) 



for all s G (0,oo). Obviously is not monotone but we still have that the mapping (0,oo) B 
s — - — is decreasing for all A > and 



lim 

s— >+oo 



X{a + fi) and 



lim 

s\0 



$a(s) 



+00, 



uniformly for A > 0. 

We first remark that <I>a satisfies the hypotheses in Lemma [6.21 provided A(a + ^) < Ai. Hence 
(|8.194|) has at least one solution. 
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On the other hand, since g > a on (0, oo), we get 

$a(s) > A(a + ^)(s + l), for all A,s G (0,oo). (8.195) 

Using now Lemma l831 we deduce that (|8.194|) has no solutions if A(a + fj-) > Xi- The proof of the 
first part in Theorem 18 .41 is therefore complete. 

(ii) We split the proof into several steps. 
Step 1. Existence of solutions. This follows directly from (i). 

Step 2. Uniqueness of the solution. 

Fix A > 0. Let ui and U2 be two classical solutions of (|8.148|) with A < A*. We show that ui < U2 

in Q. Supposing the contrary, we deduce that rnaxjui — U2} > is achieved in a point xq G il. 

a 

This yields V(ui — U2){xq) = and 

< -A(ni - U2){xq) = g{ui{xo)) - g{u2{xo)) < 0, 

a contradiction. We conclude that ui < U2 in J7; similarly U2 < ui- Therefore ui = ^2 in $7 and 
the uniqueness is proved. 

Step 3. Dependence on A. Fix < Ai < A2 < A* and let ux^, ux^ be the unique solutions 
of H8.148() with A = Ai and A = A2 respectively. If {x G il;uAi > ^A2} is nonempty, then 
niaxjuAi — 'WA2} > is achieved in 17. At that point, say x, we have V{ux-^ — ux2){x) = and 

0< -A('UAi -nAj(x) =5(nAi(x))-ff(uA2(x)) + (Ai-A2)|V'UAir(^) <0, 
which is a contradiction. 

Hence ux^ < ux2 in ^- The maximum principle also gives ux^ < ux2 in ^• 

Step 4. Regularity. We fix < A < A*, /i > and assume that limsup^^o < +00. 

This means that g{s) < cs~°' in a small positive neighborhood of the origin. To prove the 
regularity, we will use again the change of variable v = e^" — 1. Thus, if ux is the unique solution 

of (18.1481) . then vx = e^"^ -1 is the unique solution of (|8.194|) . Since lim = A, we conclude 

s\0 s 

that (iil) and (ii2) in Theorem 18.41 are established if we prove 

(a) ci dist(x, 9r2) < vx{x) < C2 dist(x, SfJ) in Q, for some positive constants ci,C2 > 0. 

(b) vx G C7^'i-"(n). 

Proof of (a). By the monotonicity of g and the fact that g{s) < cs~" near the origin, we deduce 
the existence of A, B,C > such that 

<^>x{s)<As + Bs-'^ + C, for ah < A < A* and s > 0. (8.196) 

Let us fix m > such that ?n.Ai||99i ||oo < A/i. Combining this with (|8.195() we deduce 

—A{vx — rmpi) = ^xi^x) — mXitpi > A^ — mXupi > (8.197) 
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in Q. Since v\ — mipi = on dO,, we conclude 

vx > rriifi in Q. (8.198) 

Now, (|8.198|) and H8.151|) imply vx > c\ dist(x, 90) in fi, for some positive constant c\ > 0. The 
first inequality in the statement of (a) is therefore established. For the second one, we apply an 
idea found in Gui and Lin [ST] . Using (|8. 198(1 and the estimate (|8.196p , by virtue of Lemma 17.51 
we deduce ^x{vx) G L^{^), that is, Avx G L^(r2). 

Using the smoothness of dQ, we can find 5 G (0, 1) such that for all xq G := {x G 
Q ; dist(x, dO,) < 6}, there exists y G \ Q with dist(y, 50) = 6 and dist(xo, dO,) = \xq — y\ — 6. 

Let -fC > 1 be such that diam (0) < {K — 1)5 and let ^ be the unique solution of the Dirichlet 
problem 

' -Ae = 1>A(0 mBK{0)\Bi{0), 



C > 

where Br{0) denotes the open ball in 
^ is radially symmetric. Hence .^(x) = 



~ N 



e > 

e(i) = i{K) = 0. 



mBK{0)\Bi{0), 
on d{BK{0)\Bi{0)). 

of radius r and centered at the origin. By uniqueness, 
S,{\x\) and 

in(l,K), 

in(l,K), (8.199) 



-|' + $a(I) = 



Integrating in (j8.199|) we have 

i'{t) = i'{a)a 



N~l^l~N 



I' 

J a 



N-l 



em 



+ t 



l-N 



„N-1 



<^xii{r))dr, 



where l<a<t<b<K. With the same arguments as above we have $a(0 G L^{1,K) which 
implies that both ^(1) and Ci^) finite. Hence ^ G C'^{1,K) n C^[1,X]. Furthermore, 



^{x) <Cmm{K -\x\,\x\-l}, for any x e Bk{0) \ Bi{0). (8.200) 
Let us fix xq G O5. Then we can find yo G M.^ \ O with dist{yQ,d^l) = 6 and dist(2;o,50) = 



\xo -y\-S. Thus, O C BKsiyo) \ Bsiyo)- Define v{x) = C 
U is a super-solution of (|8. 194(1 . Indeed, for all x G we have 



yo 



for all x G O. We show that 



Av + ^xiv) 



< 



1 

52 
1 

52 
0, 



i" 



N 
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where r = ^ . We have obtained that 



AU + ^x{v) <0 < Avx + '^x{vx) in 
v,vx > in V = vx on 5^2 
Avx G L\n). 

By Lemma 16.31 we get f a < in ^1. Combining this with (|8.2fl0j) we obtain 

, N/-/ ^ ^ ■ { J. \xo-yQ\ \xo-yo\ A^C 
vx{xq) < v[xo) < C mm <K , | — y*^^^H^O) c'sij- 

Hence vx < ^dist(x, in i}g and the second inequaUty in the statement of (a) follows. 

Proof o/(b). Let G be the Green's function associated with the Laplace operator in 17. Then, 
for all X € we have 

vx{x) = - / G{x,y)^x{vx{y))dy 



and 

Vvx{x) = -j G^{x,y)^x{vx{y))dy. 

JO. 

If xi,a;2 € f^, using (|(S.19(i|) we obtain 

\Vvx{xi)-Vvx{x2)\ < [ \G^ixi,y)-G^{x2,y)\-iAvx + C)dy 

Jn 

+B [ \G^{xi,y)-G,{x2,y)\-v^''{y)dy. 



Now, taking into account that vx G C{Q), by the standard regularity theory (see Gilbarg and 
Trudinger [^) we get 



\Gx{xi,y) - Gr,{x2,y)\ ■ {Avx + G)dy < ci\xi - X2\. 
On the other hand, with the same proof as in |571 Theorem 1], we deduce 

\Gx{xi,y) - Gx{x2,y)\ ■ vZ^iy) < C2\xi - X2|^"". 



The above inequalities imply ux G C'^{Vt) n C^'^""(r2). 

Step 5. Asymptotic behaviour of the solution. This follows with the same lines as in 
the proof of Theorem 16.41 □ 

We are concerned in what follows with the closely related Dirichlet problem 

-Au + K{x)g{u) + \Vu\'' = \f{x,u) in 17, 

n > in fi, (1)a 

n = on 317, 
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where Q is a smooth bounded domain in (iV > 2), A > 0, < a < 2 and K G C°'^(17), 
< 7 < 1. We assume from now on that / : x [0, cxd) [0, oo) is a Holder continuous function 
which is positive on x (0, oo) such that / is nondecreasing with respect to the second variable 
and is sublinear, in the sense that the mapping 

f(x^ 5) 

(0, 00) 3 s I — > — is nonincreasing for all x G O 

s 

and 

lim '^^ ' — ^ = +00 and lim ' — ^ = 0, uniformly for x € $7. 

s— >0+ S s-»oo s 

We also assume that g G C'^''^(0,oo) is a nonnegative and nonincreasing function satisfying 

lim g(s) = +00. 

Problem {l)x has been considered in Section 7 in the absence of the gradient term |Vti|" and 
assuming that the singular term g{t) behaves like t~°' around the origin, with t G (0, 1). In this 
case it has been shown that the sign of the extremal values of K plays a crucial role. In this sense, 
we have proved in Section 7 that if < in 17, then problem (with a = 0) has a unique 
solution in the class £" = {n G (7^(17) n C(J7); g{u) G L^{^1)}, for all A > 0. On the other hand, 
if > in 0, then there exists A* such that problem {l)x has solutions in f if A > A* and no 
solution exists if A < A*. The case where / is asymptotically linear, K < 0, and a = has been 
discussed in Section 6. In this framework, a major role is played by lim^—^oo /(s)/'S = m > 0. 
More precisely, there exists a solution (which is unique) ux G C^(r2) n (7^(17) if and only if 
A < A* := Ai/m. An additional result asserts that the mapping (0,A*) 1 — > ux is increasing and 
limx/^x* Ux = +00 uniformly on compact subsets of 17. 

Due to the singular character of our problem (1)a, we cannot expect to have solutions in C^(J7). 
We are seeking in this paper classical solutions of (1)a, that is, solutions u G C'^{Q) fl C{Q) that 
verify (1)a- Closely related to our problem is the following one, which has been considered in the 
first part of this Section: 

—An = g{u) + I Vnl*^ + A/(x, u) in Q, 

u>0 in 17, (8.201) 

u = on 917, 

where / and g verifies the above assumptions. We recall that we have proved that if < a < 1 
then problem ()8.2U1|) has at least one classical solution for all A > 0. In turn, if 1 < a < 2, then 
problem (|8.20H) has no solutions for large values of A > 0. 

The existence results for our problem (1)a are quite different to those of ()8.2U1() presented in 
the first part of this Section. More exactly, we prove in what follows that problem (l)x has at 
least one solution only when A > is large enough and g satisfies a naturally growth condition 
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around the origin. Thus, we extend the results in Barles, G. Diaz, and J. I. Diaz |lfl[ Theorem 



1], corresponding to K = 0, f = f{x) and a e [0, 1). 

The main difficulty in the treatment of {\)\ is the lack of the usual maximal principle between 
super and sub-solutions, due to the singular character of the equation. To overcome it, we state 
an improved comparison principle that fit to our problem (1);^ (see Lemma l8. 131 below) . 

In our first result we assume that A' < in O. Note that K may vanish on which leads 
us to a competition on the boundary between the potential K{x) and the singular term g{u). We 
prove the following result. 

Theorem 8.10. Assume that K < in Then, for all A > 0, problem {l)x has at least one 
classical solution. 

Next, we assume that K > in Q. In this case, the existence of a solution to (1)a is closely 
related to the decay rate around its singularity. In this sense, we prove that problem (1)a has no 
solution, provided that g has a "strong" singularity at the origin. More precisely, we have 

Theorem 8.11. Assume that K > in and g{s)ds = +oo. Then problem {l)x has no 
classical solutions. 

In the following result, assuming that g{s)ds < +00, we show that problem (1);^ has at 
least one solution, provided that A > is large enough. More precisely, we prove 

Theorem 8.12. Assume that K > in Q and Jq g{s)ds < +00. Then there exists A* > such 
that problem has at least one classical solution if X > X* and no solution exists if X < X* . 

A very useful auxiliary result in the proofs of the above theorems is the following comparison 
principle that improves Lemma 16.31 Our proof uses some ideas from Shi and Yao [SS], that go 
back to the pioneering work by Brezis and Kamin |14j . 

Lemma 8.13. Let ^ : ^1 x (0, 00) -^M. be a continuous function such that the mapping (0, 00) 3 
s ! — > — is strictly decreasing at each x G Q. Assume that there exists v, w G C (i7) fl C(i7) 



(c) Av € L^{n) or Aw G L^{n). 
Then v < w in il,. 

Proof. We argue by contradiction and assume that v > w is not true in 17. Then, we can find 
£0 ) i^o > and a ball B CC ^ such that v — w > in B and 



s 



such that 



(a) 
(b) 





(8.202) 
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The case Av G L^{Q) was stated in Lemma 16.31 Let us assume now that Aw € L^{^) and 
set M = max{l, ||Aw||^i(Q)}, e = min {l, eg, 2^^(5o/M} . Consider a nondecreasing function 
e G Ci(M) such that e{t) = 0, if t < 1/2, 6'(t) = 1, if t > 1, and 9{t) G (0,1) if t G (1/2,1). Define 

Beit) = ^ (^) ' * e M. 

Since w > v on dQ, we can find a smooth subdomain i7* CC such that 

B Ci}* and u - -u; < - in \ O*. 

Using the hypotheses (a) and (b) we deduce 

f f f^ix w) ^Cx v)\ 

/ (wAv - vAw)9e(v - w)dx > vw { ^ ' ^ 6'e(T; - u;)(ix. (8.203) 

Jq* Jn* \ w V J 

By innn^ we have 

vw ^ ' ' 9s(v - w)dx > vw\ ^ ' ' eJv - w)dx 

n* \ w V J Jb \ w V J 

f^{x,w) '^{x,v)\ 
vw [ I ax > Oq. 



Ib \ w V 

To raise a contradiction, we need only to prove that the left-hand side in (|8. 203)1 is smaller than 
Sq. For this purpose, we define 

Beit) = [ se'^{s)ds, t G M. 
Jo 

It is easy to see that 

Qeit) = 0, if t < I and < Qeit) < 2e, for all t G M. (8.204) 
Now, using the Green theorem, we evaluate the left-hand side of (|8.203|) : 

/ {wAv — vAw)Oe{v — w)dx 
Jn* 

f dv f 

= / w6s{v — w)—da— / {Vw-'S/v)6e{v — w)dx 

f f 3w 

— I w6'{v — w)Vv-\I{v — w)dx— / v6e{v — w)——da 
Jn' Jan* on 

+ I [Vw ■ Vv)6s{v — w)dx + / vd'^{v — w)Vw ■ V{v — w)dx 
!• Jn* 

y^{v — w){vVw — wVv) • V{v — w)dx. 

n* 

The above relation can also be rewritten as 

{wAv — vAw)6s{v — w)dx = 1 w6'^{v — w)V{w — v) ■ V{v — w)dx 



+ {v — w)6'g{v — w)Vw ■ V(u — w)dx. 
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Since / w9'^{v — w)V{w — v) ■ V{v — w)dx < 0, the last equality yields 
Jn* 

/ {wAv — vAw)9£{v — w)dx < / {v — w)0'^{v — w)S/w ■ V{v — w)dx, 
Jn* Jn* 

that is, 

/ {wAv — vAw)9i;{v — w)dx < / Vw ■ ^{Qe^v — w))dx. 
Jn* Jn* 

Again by Green's first formula and by (|8.2fl4|) we have 

f f dv f 

/ {wAv — vAw)9£{v — w)dx < / Q£{v — w)—da — / Qe{v — w)A'wdx 
Jn* Jan* on J^, 

< — / Qeiv — w)Awdx <2e \Aw\dx 

Jn* Jn* 

< 2eM < y. 

Thus, we have obtained a contradiction. Hence v < w in 0, and the proof of Lemma 18.131 is now 
complete. □ 

We are now ready to prove our main results. 

Proof of Theorem \8.1U[ Fix A > 0. Obviously, ^{x,s) = Xf{x,s) — K{x)g{s) satisfies the 
hypotheses in Lemma 16.21 since K < in Q. Hence, there exists a solution u\ of the problem 

—An = Xf{x,u) — K{x)g{u) in Vt, 
ti > in fi, 

u = on dQ. 

We observe that ux is a super-solution of problem (1)a- To find a sub-solution, let us denote 

p{x) = min{A/(x, 1); —K{x)g{l)}, x ^VL. 

Using the monotonicity of / and g, we observe that p{x) < Xf{x,s) — K{x)g{s) for all {x,s) G 
X (0, oo). We now consider the problem 



—Av + [Vt;[" = p{x) in Vt, 
V = G on dVL. 

First, we observe that t; = is a sub-solution of (|8.2n5|) while w defined by 



—Aw = p{x) in 0,, 
111 = on dQ, 
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is a super-solution. Since p > in we deduce that u; > in fi. Thus, the problem (|8.205j) has 
at least one classical solution v. We claim that v is positive in 0,. Indeed, if v has a minimum in 
il, say at xq, then Vf (xq) = and Av{xo) > 0. Therefore 

> -Av{xo) + |V^;j"(xo) = p{xo) > 0, 

which is a contradiction. Hence min^^-^v = minx^dn v = 0, that is, f > in Q. Now = v is a 
sub-solution of (1)a and we have 

-Aux = p{x) < Xf{x,ux) - K{x)g{ux) = -Aux in VL. 

Since = tZ^ = on dVt^ from the above relation we may conclude that Ux < ma in and so, 
there exists at least one classical solution for (1)a- The proof of Theorem l8.1Ul is now complete. □ 

Proof of Theorem \H.11\ We give a direct proof, without using any change of variable, as in 
Zhang Let us assume that there exists A > such that the problem (1)a has a classical 

solution u\. By our hypotheses on /, we deduce by Lemma [6.21 that for all A > there exists 
Ux G C^ip) such that 

-AUx = A/(x, Ux) in 0, 
< [/a>0 inJ7, (8.206) 

[/a = on (90. 

v 

Moreover, there exist ci , C2 > such that 

ci dist (x, dVl) < Ux{x) < C2 dist (x, dQ) for all x efl. (8.207) 
Consider the perturbed problem 

—An -|- K^g(u -|- e) = A/(x, u) in 
< u>0 inQ, (8.208) 

u = on d^l, 

where = mm^^-^K{x) > 0. It is clear that ux and Ux are respectively sub and super-solution 
of (|8.208|) . Furthermore, we have 

A[/a + /(x,C/a) <0< AnA + /(x,nA) in 

Ux, Ux > in Q, 
Ux = Ux = on dCl, 
AUx G L^{^) ( since Ux G C'^iTl)). 
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In view of Lemma 18.131 we get u\ < U\ in Q.. Thus, a standard bootstrap argument (see Gilbarg 
and Trudinger jS^) implies that there exists a solution € C^(r2) of (|8.2()<S|) such that 

ux I^Us < U\ in O. 

Integrating in (|8.2()8)) we obtain 

— / Augfix + / g{ue + e)dx = \ i f{x,Ue)dx. 
Jn Jn Jn 

Hence 

- [ ^ds + [ giue + e)dx < M, (8.209) 
Jan on 

du 

where M > is a positive constant. Taking into account the fact that — — < on dO,, relation 

on 

H8.2U9|) yields K^, / g{us + e)dx < M. Since Ue < U\ in 17, from the last inequality we can 
Jn 

conclude that / g{Ux + e)dx < C, for some C > 0. Thus, for any compact subset uj CC 0. we 
Jci 

have 

[ g{Ux + e)dx < C. 

Jul 

Letting e — > 0"*", the above relation produces / g{Ux)dx < C. Therefore 

g{Ux)dx < C. (8.210) 
On the other hand, using H8.207|) and the hypothesis Jq g{s)ds = +oo, it follows 

g{Ux)dx > / g{c2dist{x,d^}))dx = +00, 
Jn 



which contradicts (|8.210|) . Hence, (1)a has no classical solutions and the proof of Theorem 18.111 
is now complete. □ 

Proof of Theorem \H.liA Fix A > 0. We first note that Ux defined in (|8.2()(ij) is a super-solution 
of (1)a- We now focuss on finding a sub-solution u^x such that u^x ^ in ^■ 
Let h : [0, oo) — > [0, oo) be such that 

h"{t) = g{h{t)), for all t > 0, 

h>0, in(0,oo), (8.211) 
h{0) = 0. 

Multiplying by h' in (|8.211|) and then integrating over [s, t] we have 

{h'f{t) - {h'f{s) = 2 / g{T)dT, for all t > s > 0. 
Jh{s) 
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Since Jq g{T)dT < oo, from the above equality we deduce that we can extend h' in origin by taking 
/i'(0) = and so /i S C^(0, oo) fi C^[0, oo). Taking into account the fact that h' is increasing and 
h" is decreasing on (0, oo), the mean value theorem implies that 

h'it) h'(t)-h'(0) , , „ 

—-^ = —-^ ^ > h"(t), for all t > 0. 

t t-0 - ^ ^' 

Hence h'{t) > th"{t), for all t > 0. Integrating in the last inequality we get 

th'{t) < 2h{t), for all t > 0. (8.212) 

Let 4>i be the normalized positive eigenfunction corresponding to the first eigenvalue Ai of 
the problem 

—IS.U = An in 0, 
n = on dVt . 

It is well known that 0i € (7^(17). Furthermore, by Hopf's maximum principle there exist 5 > 
and CC such that \V(j)i\ > 5 in Let M = max{l, 2K*5~'^}, where K* = max^^-^ K (x) . 

Since 

lim I - K*g{h{^,)) + M'^(/i')"(<Ai)|V<Air| = -oo, 
dist (x,an)^o+ I- J 

by letting Qq close enough to the boundary of we can assume that 

-K*c/(/i(0i)) + M"(/i')"(0i)|V(/>i|" < in n\no. (8.213) 

We now are able to show that Ux — Mh{(j)i) is a sub-solution of (1)a provided A > is sufficiently 
large. Using the monotonicity of g and H8.212|) we have 

-Aux + K{x)g{ux) + iVu^l'' = 

< -Mg{h{^i))\V^i\^ + XiMh'{cl)^)^i + K*g{Mh{^i)) + M^{h'n^i)\yM'' 

(8.214) 

< g{h{(l)i)){K* - M|V0i|2) + AiM/i'(0i)(/.i + M«(/i')"(</>i)l V(/>i 1" 

< 5(/i(0i))(K* - M|V0i|2) + 2AiM/i(0i) + M"(/i')"(0i)|V0i|^ 
The definition of M and H8.2i;-ij) yield 

-Aux + K{x)g{ux) + \Vux\'' <2XiMh{(l)i) = 2XiUx in \ Oq. (8.215) 
Let us choose A > such that 

^min,,^^/(x,m(||0,|U))^^^^_ (8.216) 

M\\4>i\\oo 

Then, by virtue of the assumptions on / and using (j8.216j) . we have 

J{x,ux) ^ ^ /(x,M/t(||(/.i||oo)) . 

A > A , , ,, > 2Ai m U \ iln. 

95 



The last inequality combined with (|8.215|) yield 



-Au^ + K{x)g{ux) + l^^uxl" < 2Ain;, < Xf{x,Ux) mQ\ Qq. (8.217) 
On the other hand, from (|8.214|1 we obtain 

-Aux + K{x)g{ux) + \^Uxr < K* g{h{(Pi)) + 2XiMh{(l}i) + M''{h'f{^i)\V^i\^ in Qq. (8.218) 
Since 0i > in 0,q and / is positive on x (0, oo), we may choose A > such that 

A min f{x, Mh{^i)) > max |if*c/(/i(0i)) + 2AiAf /i((/)i) + M'"(/i')''(0i)|V0i|"|. (8.219) 

From (|8.218ll and (18.21 9|1 we deduce 

-Ama + K{x)g{ux) + l^uxr < A/(x,iiA) in ^^o- (8.220) 

Now, (|8.217j) together with (|8.22()j) shows that Ux = Mh{(j)i) is a sub-solution of (1)a provided 
A > satisfy ()8.216|) and ()8.219|) . With the same arguments as in the proof of Theorem 18.111 and 
using Lemma 18.131 one can prove that Ux — in ^- By a standard bootstrap argument (see 
Gilbarg and Trudinger [SS]) we obtain a classical solution ux such that Ux ux < U x ^■ 
We have proved that (1)a has at least one classical solution when A > is large. Set 

A = {A > 0; problem (1)a has at least one classical solution}. 

From the above arguments we deduce that A is nonempty. Let A* = inf A. We claim that if 
A G A, then (A, +oo) C A. To this aim, let Ai G A and A2 > Ai. If ux^ is a solution of (1)ai, 
then uxi is a sub-solution for (1)a2 while Ux2 defined in (|8.2n6j) for A = A2 is a super-solution. 
Moreover, we have 

AUx, + \2f{x,Ux,) <Q < Aux, + \2f{x,ux,) inJ7, 

Ux2,ux^ > in 17, 
Ux2 = uxi =0 on 
AUx2 e ^^(^^). 

Again by Lemma 18.131 we get ux^ < Ux^ in il. Therefore, the problem (1)a2 has at least one 
classical solution. This proves the claim. Since X (z A was arbitrary chosen, we conclude that 
(A*, +00) c A. 

To end the proof, it suffices to show that A* > 0. In that sense, we will prove that there exists 
A > small enough such that (1)a has no classical solutions. We first remark that 

lim (f(x,s) — Kix)gis)) = —00 uniformly for x G 0. 
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Hence, there exists c > such that 



f{x, s) - K{x)g{s) < 0, for all (x, s) G x (0, c). 

On the other hand, the assumptions on / yield 

f{x,s) - K{x)g{s) f{x,s) f{x,c) 



< 



< 



for all (x, s) S X [c, +oo) 



U21) 



.222) 



Let m = max^.g^ 



. Combining (jS. 22111 with (18.2221) we find 
f{x, s) — K(x)g{s) < ms, for all (x, s) G x (0, +oo). 



(8.223) 



Set Ao = min {1, Ai/2m} . We show that problem (1)ao has no classical solution. Indeed, if uq 
would be a classical solution of (1)ao) then, according to H8.223|l . uq is a sub-solution of 



-An = 


Ai 
— u 
2 


in $7, 








in 0, 


(8.224) 


u = 




on (90. 





Obviously, (pi is a super-solution of H8.224|) and by Lemma 18.131 we get uq < 0i in Q. Thus, by 
standard elliptic arguments, problem (|8.224j) has a solution u E C^(Jl). Multiplying by (pi in 
1)8.224(1 and then integrating over we have 



Audx 



Ai 
2 



u(f)idx, 



that is, 



/" uA(j)idx = — I u(j)idx. 
Jn 2 



The above equality yields u(j)idx = 0, which is clearly a contradiction, since u and </>i are 
positive in If follows that problem (1)ao has no classical solutions which means that A* > 0. 
This completes the proof of Theorem 18. 121 □ 
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